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Introduction

As outlined for instance in [2, 4, 13, 24], amenability for groups has grown into a
central theme of research in geometric group theory since the g30’s, thanks to John Von
Neumann and his work on the famous Banach-Tarski-Hausdorff paradox. Amenabil-
ity admits a wide variety of equivalent characterizations, establishing deep connec-
tions between group theory and apparently unrelated mathematical areas, such as
geometry, functional analysis, probability theory, or ergodic theory.

A particularly interesting link with the notion of unitarisability for groups has
attracted much attention since the essential works of Jacques Dixmier in the early
50’s. In [11], Dixmier showed that any amenable group is unitarisable, and asked
whether the converse holds:

Dixmier’s problem. Is every unitarisable group amenable?

The answer to this question is still unknown in full generality, but a lot of progress
has been made towards the understanding and the main properties of the class of
unitarisable groups. In 1955, Ehrenpreis and Mautner obtained in [14] the first exam-
ple of a non-unitarisable group, SLo(R). Later on, it was showed that non-abelian free
groups are also non-unitarisable. It is also known that the class of unitarisable groups
enjoys several stability properties, when taking subgroups, quotients, and extensions
by amenable groups. All these results are in favour of a positive answer to Dixmier’s
problem.

Gilles Pisier has been a great contributor to those questions, with in particular two
results of major interest, exposed in [25, 26]. The first one is a quantitive measurement
of unitarisability, and shows that we can always have a good control on the size of
unitarisers for uniformly bounded representations of a unitarisable group. The second
one improves this control if the group is amenable.

In 2014, Peter Schlicht obtained in [29, 30] proofs of Pisier’s results in a completely
different manner, much more geometric, by looking at actions of groups on the cone of
positive invertible operators on a Hilbert space. The goal of this thesis is to present
these proofs and their consequences.

Along the way, a large number of preliminaries will be required, and we now de-
scribe the content of each chapter, with an emphasize on the main results.

Chapter 1 focuses on the theory of bounded linear operators on Hilbert spaces. Af-
ter recalling general background material concerning Banach and Hilbert spaces, we
introduce linear operators, and prove an invertibility criterion (Proposition 1.2). We
recall the construction of adjoint operators with the Riesz representation theorem.
Afterwards, we study several classes of operators, especially normal, self-adjoint, uni-
tary, positive and isometric operators (Proposition 1.g9). Then, we turn to the spectral
theory of bounded operators, and introduce the spectrum, resolvent set and spectral
radius of an operator. We show that its spectral radius is always bounded by its norm
(Proposition 1.12), and that its spectrum is always a compact subset of the complex
plane (Proposition 1.14). In fact, it is a compact subset of the real line for self-adjoint
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operators, and of the positive real numbers for positive operators (Proposition 1.19).
We derive several useful properties of the spectral radius (Corollary 1.25) through the
Gelfand’s formula (Theorem 1.24). To pursue, we focus on the functional calculus for
bounded self-adjoint operators, and establish its main properties (Theorem 1.30, The-
orem 1.35). This allows us to completely characterize self-adjoint, unitary and positive
operators through their spectrum (Corollary 1.32). An important application of func-
tional calculus for the rest of the text is the construction of the exponential map, that
we present in details (Corollary 1.38, Remark 1.39). We define square roots and po-
lar decompositions, and show their existence and uniqueness for suitable operators
(Theorem 1.42). We derive from this a complete description of positive operators on a
Hilbert space (Corollary 1.43). We conclude this chapter by looking at another topol-
ogy on the space of bounded operators on a Hilbert space. This topology is smaller
than the norm topology (Lemma 1.48), but still remains Hausdorff (Lemma 1.50). The
interest of considering it is to obtain more compact subsets (Theorem 1.52).

Chapter 2 is devoted to the cone of positive invertible operators on a Hilbert space.
We explain the terminology "cone" (Lemma 2.1), and we define a natural action of in-
vertible operators on this set, which is transitive and continuous (Lemma 2.3). We
endow this set with a metric structure, and we show that invertible operators act by
isometries with respect to that metric (Proposition 2.6). Next, we show this metric
space is geodesic, and that geodesics are preserved by the action of invertible operators
(Lemma 2.8). The second part of this chapter aims at proving a convexity inequality
for the distance between those geodesics. In that view, we introduce an order rela-
tion on the set of self-adjoint operators (Definition 2.10) and establish several rules of
computations for this relation (Proposition 2.11). We prove the Léwner-Heinz inequal-
ity for positive operators (Theorem 2.14), from which we derive additional operator
inequalities, especially the Jensen’s inequality (Theorem 2.17) for contractions, and a
more general form for general operators (Corollary 2.18). We also derive the Corach-
Porta-Recht inequality (Theorem 2.20) and the Cordes inequality (Corollary 2.21), the
crucial ingredient for the proof of the convexity inequality (Theorem 2.23).

Chapter 3 is the central part of the thesis. We define representations of groups
on Hilbert spaces and several related terminologies. We introduce unitarisability for
representations, and we prove it is equivalent to the existence of an invariant inner
product on the Hilbert space inducing the same topology as the initial one (Lemma
3.8). We define the class of unitarisable groups. We show it contains finite groups
(Corollary 3.9), and that it is closed under taking quotients and subgroups (Proposi-
tion 3.10, Proposition 3.12). In particular, induction of representations is presented in
details. Next, we prove that amenable groups are unitarisable, recovering the result of
Dixmier (Theorem 3.13). On the other hand, we establish also the non-unitarisability
of the non-abelian free group on countably many generators (Theorem 3.18), appeal-
ing to the concept of derivations. Coupled with the Ping-Pong lemma (Lemma 3.19),
we deduce that any non-abelian free group is not unitarisable, as well as many linear
groups, for instance SLy(R) (Corollary 3.22). In the following section, we explain how
a group representation gives rise to an action of the group on the cone of positive in-
vertible operators, and this action has fixed points if and only if the representation is
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unitarisable (Lemma 3.23). Exploiting the weak operator topology, we prove that a uni-
tarisable representation can always be unitarised at minimal "cost" (Proposition 3.25).
Given a unitarisable representation 7 of a group G, we introduce a family (7;);c[0,1
of representations of G for which we can recover sizes and unitarisers in terms of
the corresponding ones for 7 (Lemma g.27, Corollary 3.28). In the next subsection,
we define the diameter of a representation, and we provide an explicit formula for its
computation (Proposition 3.31). We can then relate the size of 7, t € [0, 1], to the
size of 7 (Proposition 3.32). With these results, we show that if a countable family of
uniformly bounded representations of a unitarisable group is also uniformly bounded,
each representation can be unitarised at low cost, and this cost is uniform through-
out the whole family (Proposition 3.35). We then establish Pisier’s theorem (Theorem
3.36), and using functional calculus, we relate size of unitarisers for a unitarisable
representation to the distance between the identity and the set of fixed points for the
induced action (Proposition 3.39). This leads to a geometric translation of Pisier’s re-
sult (Corollary 3.40), which in turn leads to a geometric formulation of amenability
(Corollary 3.41).

Two appendices are added. Appendix A contains basic material about general
topology, with which most of the readers will be familiar. It is provided for the sake
of completeness, for recalling basic definitions and properties of topological spaces,
and for justifying easily many parts in several proofs. Appendix B is an introduction
to the theme of amenability for groups. We recall several equivalent formulations of
amenability. We explore the class of amenable groups, in order to illustrate clearly
similarities with unitarisability in Chapter 3.
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Notations
0
N=1{0,1,2,...}
Z

Q

R

C

E
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Sl={1eC: |1 =1}

K[X]
ACB
AUB
AUB
ANB
AAB
1x
Idyx

| X|
Ps(X)
Vect(X)
gof
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F(X,Y)

exp: R — (0, )
In: (0,00) — R
a.e.

e

H<G

NG

G/H

G/N

The empty set

The set of natural integers

The set of integers

The set of rational numbers

The set of real numbers

The set of complex numbers

The modulus of z € C

The complex conjugate of z € C

The unit circle in the complex plane
The set of polynomials with coefficients in a field K
A is a subset of B

The union of two sets A and B

The disjoint union of two sets A and B

The intersection of two sets A and B

The symmetric difference of A and B, given by (AU B) \ (A N B)

The indicator function of the set X

The identity map on a set X

The cardinality of the set X

The set of subsets of X

The vector subspace generated by X

The composition of two functions f and g
The inverse of a bijective map [

The modulus of a C—valued map f

The set of maps from X to Y

The exponential map from R to (0, co)
The inverse of the exponential map
almost everywhere

The neutral element of a group G

H is a subgroup of G

N is a normal subgroup of G

The quotient set of G by a subgroup H
The quotient group of G by a normal subgroup N
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(G : H] The index of H in G, defined as the cardinality of G/H

Og The Dirac mass at g € G, equalsto1(,,: G — C

GL,(K) The group of invertible n X n matrices with entries in a field K
GL,(2) The group of invertible n X n matrices with integer entries

SL, (K) The group of determinant one n X n matrices with entries in a field K
SL,(Z) The group of determinant one n X n matrices with integer entries

fad

An isomorphism between two objects in the same category
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1. Bounded operators on Hilbert spaces

In this first chapter, we develop the general theory about bounded linear operators
on a complex Hilbert space. After having studied several types of operators, we de-
fine the spectrum and the spectral radius of a bounded operator and establish their
main properties. We introduce the functional calculus, and we show the existence of
square roots for bounded positive operators and polar decompositions for invertible
operators. To conclude, we define and study a new topology on the space of bounded
linear operators on a Hilbert space.

Before focusing on Hilbert spaces, we recall terminologies and results from the
more general setting of normed and Banach spaces. We will not show all the results
below, but we indicate references for the proofs.

Recall first that a norm on a C—vector space X isamap || - ||[x: X — [0, ) so
that

(1) ||x|]|lx = 0if and only if x = 0.
(1) ||[Ax|lx = |A|||lx||x for all x € X, a € C.

(i) |lx +yllx < llxllx + llyllx for allx,y € X.

Point (i11) is called the triangle inequality, and the pair (X, || - ||x) is called a normed
space.

Note that if (X, || - ||x) is a normed space, then one has also a second triangle
inequality, namely

llxllx = llyllx| < llx - ¥llx

forallx,y € X. Indeed ifx,y € X, then ||x||x = ||[(x—y)+y||x < [lx—y|lx+||y]lx by (iii), so
lxllx—llyllx < llx—yllx. Switching the roles of x and y leads to ||y |lx —lx[[x < [lx—y||x,
whence |||x||X - ||y||X| < |lx — y||x as announced.

A normed space (X, || - ||x) is a metric space for the metricdyx: X x X — [0, o)
defined by

dx(x,y) = [lx - yllx, x,y € X

and thus a topological space for the topology induced by dx (see Appendix A), that we

denote 7). ;. For x € X and r > 0, we write B, (x,7) (resp. Bh_”X (x,r)) for the open

(resp. closed) ball of radius r > 0 around x € X. Moreover, the norm is a continuous
map for this topology.

Proof. Let € > 0, and note that
I 11X ([0,€)) = {x € X : ||x[lx < £} = {x € X : dx(x,0) < &} = By (0, )

is an open set in X, by definition of 7| ,. Thus || - [[x: X — [0, o) is continuous. O
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A sequence (x,)nen In a normed space (X, || - ||x) is called a Cauchy sequence with
respect to dx if for any € > 0, there exists N € N so that

n,m >N = dx(x,,x,) < €.

We say that (X, || - ||x) is a Banach space if the metric space (X, dy) is complete, i.e.
if any Cauchy sequence with respect to dx has a limit in X.
Most important examples of Banach spaces are as follows.

Examples. (i) If X is a finite-dimensional vector space, any two norms || - || x,
on X are equivalent, in the sense that there are constants ¢, ¢’ > 0 so that

[

cllxllx < llxly < ¢'llxllx

for all x € X (see e.g. [3, theorem 1.2.5], [6, theorem 3.3.1]). Moreover, X is complete
for any choice of norm [3, corollary 1.2.6].

(i1) For a,b € R, a < b, the space C([a, b]) of continuous functions on the interval
[a, b], equipped with the norm

1flleo := sup [f(2)]

tela,b]

is a Banach space [15, section 1.5]. More generally, if X is a compact Hausdorff space,
the space C(X) of continuous functions on X with the supremum norm is a Banach
space [6, example 3.1.6].

(ii1) Consider a measure space (X, A, ) and, for 1 < p < oo, the vector space
LP(X,A, p) :={f: X — C measurable | / IFIP du < oo}
X

and also
L7(X,A,u) :={f: X — C measurable | 3C > 0, |f| < C u —a.e.}.

For every p € [1, oo], we define an equivalence relation ~ on £L?(X, A, u) by f ~ g if
and only if f = g u—a.e., and we form the quotient

LP(X, A, ) = LP(X, A, )/~

Identifying an equivalence class with one of its representatives, we define a norm || ||,

on the quotient via
1/p
11l = ( [ du)
X

forevery 1 < p <o and f € L?(X, A, i), as well as
I llco :=1nf{C € [0,00] : |f| < C pt—a.e.}

if f € L*(X, A, ). It can be shown that, for every p € [1, c0], (LP(X, A, ), || - ||p) is
a complete normed space [20, theorem 4.2.2]. If X is countable, we denote this space

14
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/P (X, A, u), or even ¢P(X) if the underlying o—algebra and measure are clear from
the context.

If (X, lx),(Y,]|l|ly) are two normed spaces, a linear operator between X and Y
isamap A: X — Y so that

A(Adx+y) = 1A(x) + A(y)

forallx e X,yeYand 1 € C.
In the sequel, we merely write Ax for the image of x € X under A.

Such an operator is continuous if and only if it is bounded, i.e. there exists a con-
stant C > 0 so that ||Ax|ly < C||x||x for any x € X ([3, theorem 1.2.2], [6, proposition
2.2.1]). The set of bounded linear operators between two normed spaces X and Y will
be denoted B(X,Y), or simply B(X) if X =Y. It has the structure of a vector space
over C for the sum and scalar multiplication defined as

(A+ B)(x) :== Ax + Bx, (1A)(x) := 1Ax
forany A,B € B(X,Y),x € Xand A € C. Themap |- [lop: B(X,Y) — [0, o), defined

as

| Ax|ly
|Allop := sup =——— = sup [|Ax[ly = sup [lAx|ly
x20 |lxllx lx]lx<1 |||l x =1

for any A € B(X,Y), is a norm on B(X,Y) [6, proposition 2.1.2]. Moreover, for A €
B(X,Y) one has

[Ax|ly < [[Allopllxllx
for all x € X, and || - ||op is submultiplicative, i.e. if X, Y, and Z are three normed
spacesand A € B(X,Y),Be B(Y,Z),then Bo A € 8(X,Z) and

|| B OA”op < ”A”op”B”op-

Proof. The inequality ||Ax|ly < ||Al|opllx|lx is a consequence of the definition of || Al|op
for x # 0, and it clearly holds if x = 0. Now, if X, Y and Z are normed spaces, A €
B(X,Y),BeB(Y,Z)and x € X with ||x||x < 1, one has

[(BoA)x|lz < ||BllopllAxlly < [|Allopl|Bllopllxllx < llAllopllBllop
so that ||[B o A||op < [|Allopl|Bllop @s announced. O

When there is no risk of confusion we simply write ||x|| for the norm of an element
x € X of a normed space, or ||A| for the operator norm ||A||,p, of a bounded linear
operator between two normed spaces. We also write BA for the composition of the two
operators A and B.

The next theorem guarantees that 8(X,Y) is in fact a complete space, provided Y
is complete.

Theorem. Let (X, || - ||x), (Y, ]| - ||y) be two normed spaces, and assume that Y is
a Banach space. Then 8(X,Y) is a Banach space.

15
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Proof. Let (A,),en be a Cauchy sequence in B(X,Y). Let € > 0 and x € X. Using the
assumption, we find N € N so that ||A,, — A,,|| < € for all n, m > N, and this implies

|Anx — Amxlly < [|An — Anllllxllx < ellxllx

for all n,m > N. Thus (A,x),en 18 Cauchy in Y, and since the latter is complete,
(A,x)nen has a limit in Y, that we denote Ax. This defines a linear map between X
andY.

It remains to see that A is bounded and that (A,),cn converges to A in B(X,Y).
Fix € > 0. As seen above, we find N € N so that ||A, — A,,|| < e for all n,m > N, and
in particular

|Anx — Apxlly < [|[An — Anllllxllx < ellx]lx

for all n,m > N and all x € X. Thus

|Ax — Apxlly = lim ||Anx — Apxlly < ellxl|x
m—-oo

for all n > N and x € X, by continuity of the norm. In particular we deduce
|Ax|ly < [|[Ax — Anx[ly + [[Anxlly < ([[ANIl+ &)llxllx
for all x € X, whence A is bounded. Additionally, from the above we have
|Ax — Anx|ly <
[l x
for n > N and x # 0, and it follows that
|Ax - Anxlly _

|A = Ap|| = sup
=0 |lxllx

for all n > N. As € > 0 was arbitrary, this shows that A, — A in 8(X,Y), and
concludes the proof. O

In particular, if X is a normed space, choosing Y = C in the previous theorem shows
that 8(X, C) is a Banach space. This space is called the dual space of X, and is often
denoted X ™. Its elements are called linear functionals on X.

If H is a complex vector space, a hermitian inner product on H is a map
(Y HXH — C
so that
1) Au + pv,w)g = Au, w)g + p{v,w)q for all u,v,w € H, 1, u € C.
(i1) (v, u)g = (u,v)q for all u,v € H.
(111) (u,u)qy = 0 for all u € H, and (u, u)y = 0 implies u = 0.

16
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The pair (H, (-, -)41) is called a pre-Hilbert space. It follows from points (i) and (ii)
that a hermitian inner product is anti-linear in the second variable, i.e.

(U, Av + pw)dgr = Au, v)gr + F{u, whg

for all u,v,w € H and A, u € C. It also follows from (ii) that (u, u)¢ is a real number
for any u € H, and it makes sense to talk about its sign in (iii). Additionally, (i) implies
that (u, 0)¢ = (0, u)gy = 0 for any u € H, and thus (u, u)y = 0 if and only if u = 0.

As explained in [6, 12, 13, 15], a pre-Hilbert space can be turned into a normed
space, by defining the map

I llge: H —> [0, 00)
u+— \{u,u)y.

We call ‘H a Hilbert space if the normed space (H, || - ||#) is complete. Phrased differ-
ently, a Hilbert space is a Banach space for which the norm is induced by (or derived
from) a hermitian inner product.

Examples. (i) Let n > 1. The usual norm on C", defined as

o]l = V]xa|2 + - - - + |22

for x = (x1,...,x,) € C", derives from the inner product (-, -)c» defined as

n

(x,¥)cn = inyi

i=1
for any x = (x1,...,%,),y = (¥1,...,yn) € C". Coupled with the fact that C" is
complete, this tells us that C" is a Hilbert space.

(i) If (X, A, 1) is a measure space, the norm || - ||z on L2(X, A, 1) defined above is
easily seen to derive from the inner product (-, -)9 given by

vg»:éﬂwaﬁwu>

for any f,g € L?(X, A, u). Thus L?(X, A, u) is a Hilbert space.

A consequence of these definitions is the so-called Cauchy-Schwarz inequality ([3,
lemma 1.4.2], [13, lemma 1.3], [15, theorem 2.1.1]), which ensures that
[{w, v | < Nullgllvlle

for any u,v € H, as well as the continuity of the inner product in each variable, i.e.
for any v € H the maps u — (u,v)y, u —> (v, u)4; are continuous from H to C.

Proof. Let v € H. We show the continuity of u — (u,v), and the other one is very
similar. Let then ug € H and e > 0. Set § := m > 0, and observe that if ||u—ug|| <,
then

[{u, v) = (wo, v)| = [Ku — wo, V)| < [lu —wuollllvll <6 vl <e
by the Cauchy-Schwarz inequality. Hence u — (u,v) is continuous at any ug € H,
and therefore is continuous on . O

17
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A Hilbert space H is called separable if it contains a countable dense subset. In this
thesis, unless stated otherwise, any involved Hilbert space is assumed to be separable.

If H1, Hs are two Hilbert spaces, there is a natural Hilbert space structure on the
cartesian product H; X Hs [21, section 2.6], with the inner product defined as

((u1,u2), (V1,V2))H,xH, = (U1, V1)H, + (U2, V2)g,

for any u1, vy € Hi, ug, va € Ha. We call (Hy X Ha, (-, )1, x#,) the direct sum of H; and
H,, and we denote this space H; & Hy. The norm induced by the above inner product
18

(w1, u2) lpgort = +fllwill2, +lluallz, , u1 € Hi, ug € Ho.
H; Ho
It is useful to observe that for any u; € Hi, us € Hs, we have the inequalities
1
— (llualleg + lluzlleg) < (w1, w2)llrgers < llutlly + lluallsg.

V2

The first one is a consequence of the inequality (a + 5)? < 2(a? + b?), a,b > 0, while
the second follows from a? + b2 < (a + b)?, also valid for a, b > 0.

Now, if A1 € B(H), As € B(Hs), we may define a linear operator C on H; & Hy
by the formula
C(u1,ug) := (Aui, Bug), ui € Hi, uz € Ho.

We claim that ||C|| = max(||A]], || B]|).
Proof. Let ¢ := max(||A||, ||B||). For any uy € Hi,us € Ho, we have
1C (1, u2) 1, o4, = |(Au1, Bug)ll3; o4,
= A |2, +I1BusllZ,
< AN w2, + 1BIPllusliZ,
< Plluallz, +llusl2,,
= ¢®[| (w1, u2) 154 o4,

whence ||C|| < ¢. On the other hand, by definition of ||C||, we have

1C(u1, O)llrhore, |(Au1, 0)llrqore lAuilleg
ICI| = sup = = sup ———— = [|4]|
u1#0 ||(u170)||7‘{1@7‘{2 u1#0 ||(u170)||7‘(1697‘(2 u1#0 ||u1||7‘(1
and similarly ||C|| > ||B||. This leads to ||C|| > ¢, and thus ||C|| = c. O

By induction, these constructions extend to an arbitrary finite number of Hilbert
spaces Hi, ..., H,. With additional work, this can in fact be extended to an infinite
collection {7, },cn of complex Hilbert spaces. More precisely, given such a collection,

the direct sum @ H,, 1s the set

neN
{(%n)nen € ]_[7{,, : Z lxall?, < oo} Hwn

neN neN neN

18
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whose vector space structure over C is given coordinatewise and equipped with the

norm
ey, 7, = [ D Iall?, » (@ndnen € S Ha
neN neN

This norm derives from the inner product on @ H,, given by

neN

((%n)neN, (yn)n€N>@neN‘Hn = Z(xnayn>7{n'

neN
for all (x,)nen, (Vn)nen € EB ‘H,,. The above series is well-defined, in fact even abso-

neN
lutely convergent, thanks to Cauchy-Schwartz inequality, as

S 3] < 3 lsnllgg Iyl < \/Z lall2, \/Z InllZ, < oo

neN neN neN neN

for all (x,)nen, (Vn)nen € @ H,.

neN
This indeed gives rise to a complete normed space and as above if T}, € B(H,,) for
any n € N, we may define a linear operator T on the direct sum by setting

T(xn)neN = (Tnxn)neN
and as in the case of two Hilbert spaces, we have

1Tl = sup [T |-

neN

We refer to [21, section 2.6] for the proof of these two facts.

In the sequel we will also require several facts about orthonormal bases in Hilbert
spaces, for which the proofs can be found in [6, sections 1.4 and 1.5], or in [15, section
2.1].

First of all, a sequence (e,,),en in H is an orthonormal system if

1 ifi=y
0 otherwise

(ei,ej)p = {
for any i, j € N. It is furthermore a complete orthonomal system if the subspace
n
Vect((en)nen) = {Z/lkek :neN, Ag,..., A, € C}
k=0

is dense in H. The Gram-Schmidt orthogonalization procedure, as described in [15],
proves then the following.
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Proposition. A Hilbert space H is separable if and only if it has a complete or-
thonormal system (e, )nen.

A sequence (ep,)nen in H is called a basis if for all u € H, there exists a sequence
of complex numbers (1,),cn so that

A basis is said to be orthonormal if it is an orthonormal system. From the above
proposition, we deduce the next theorem.

Theorem. Any separable Hilbert space has an orthonormal basis. Moreover, an
orthonormal system (e, ),cn 1s a basis if and only if

Il = > 1Ku, en)?

neN

for all u € H.
This last identity is usually called the Parseval’s identity.

We can thus define the dimension of a separable Hilbert space H as the cardinality
of an orthonormal basis of 4. This is a well-defined quantity, since any two bases of
a Hilbert space have the same cardinality [6, proposition 1.4.14]. It follows from the
previous results that for infinite dimensional Hilbert spaces, separability is equivalent
to have countable dimension [6, theorem 1.4.16].

Finally, if (Hi, (-, )#1,), (Ha, (-, -)21,) are two Hilbert spaces, a map
T: (Wl’ <'3 >7‘{1) B (7_{27 <'3 >7'{2)

is a unitary equivalence if it is a linear homeomorphism so that

<Tu7 TU>7‘{2 = <u7 U>7—{1
for all u,v € (Hi, (-, )¢,)-

Theorem. If H; and Hy are two separable infinite dimensional Hilbert spaces,
there exists a unitary equivalence T': H; — Hos.

1.1 Linear operators and their adjoints

Fix, for the rest of this chapter, a complex Hilbert space /H with a hermitian inner
product (-, -)¢; and the induced norm || - ||& = +/{-, )5-

When no confusion is possible we will drop the index H from the inner product or
the norm.
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Master thesis 1.1 Linear operators and their adjoints

Definition 1.1. Let A € B(H).
Its kernel and its image (or range) are defined as

Ker(A) :={u e H : Au =0}, Im(A) := {Au:u € H}.

Those are vector subspaces of H, and Ker(A) c H is closed.

Furthermore, an operator A is invertible if there is a bounded operator B: H —
H so that AB = BA = Idy, or equivalently if Ker(A) = {0} and Im(A) = H. We will
write Aut(H) for the set of bounded invertible linear operators on H. It is not a vector

subspace of B(H), because the zero operator is not invertible. Nonetheless, note that
if A, B € Aut(‘H), then AB € Aut(H) with

(AB)"! =B71Aa™!

and also, when it exists, the inverse of a bounded linear operator is bounded™. Thus
Aut(H) is a group with respect to composition of operators.

Our first proposition is a useful criteria to determine whether an operator is in-
vertible or not.

Proposition 1.2. Let A € B(H). Then A is invertible if and only if Im(A) is
dense in H and there exists C > 0 so that ||Au|| > C||u|| for all u € H.

Proof. To start, suppose that A is invertible. Then Im(A) = H is dense in H, and
moreover
lull = |A™ Au|| < [|A7]]]|Au]|

for any u € H. Hence the second condition holds with C := m > 0.

Conversely, observe that the existence of C > 0 forces Ker(A) = {0}, because if
u # 0, then ||u|| > 0 and it follows ||Au|| > C|lu|| > 0, so Au # 0. Now if (Auy,)nen 18
a sequence in Im(A) converging to v € H, it is a Cauchy sequence and, for n,m € N,
the inequality
lun — umll < CllA(un — up)|l = CllAu, — Auyl|

shows that (u,),en is also Cauchy, and therefore converges to some u € H by com-
pleteness. The continuity of A provides then

v=lim Au, = A(lim u,) = Au € Im(A).
n—0oo

n—oo

We deduce that Im(A) is closed, i.e. Im(A) = Im(A). As Im(A) is also dense by
assumption, we conclude that Im(A) = Im(A) = H, and A is invertible. O

The next result will also be of great help.

@This is a consequence of the open mapping theorem, a standard result in functional analysis. See
for instance [3, theorem 2.2.1], [6, theorem 12.1], or [15, theorem g.2.1].
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Master thesis 1.1 Linear operators and their adjoints

Lemma 1.3. Let A € B(H). The following are equivalent.
(1) A=0.
(1) (Au,v) =0forall u,v € H.

(ii1) (Au,u) =0forall u € H.

Proof. (1) = (ii) is immediate, and (i1)) = (iii) follows by putting v = u in (ii).
(111) = (i1) : Let u,v € H and A1 € C. Applying (ii1) with u + Av yields to

0= (A(u+Av),u+Av) = A{(Av, u) + A{Au,v).
In particular, using A = 1 and 1 =i we have (Av,u) = —(Au,v) and (Av,u) = (Au,v)
for all u,v € H. This proves (Au,v) = 0 for all u,v € H, and (ii) holds.
(ii) = @) : Fix u € H. Using (ii) with v = Au gives ||Au||? = (Au, Au) =0, so Au = 0.
As u € ‘H was arbitrary, A = 0. O

For a given bounded operator A: H — H, let v € H, and consider the linear
functional

¢, H— C, ¢,(u) :=(Au,v).

The Cauchy-Schwarz inequality implies that ¢, is bounded, and the Riesz represen-
tation theorem ([3, theorem 1.4.4], [6, theorem 1.3.4], [13, Theorem A.3]) guarantees
the existence and the uniqueness of an element A*v € H, depending on v, so that

(Au,v) = @y (u) = (u, A™v)
for all u € H and ||¢,|| = ||A*v]].
This defines a map A*: H{ — H which is linear, as for any v{,vy € H and any
A € C, we have
(Au, vy + Avs) = (Au, v1) + A{Au, v9)
= (u, A*v1) + W {u, A*vs)
= (u,A"v1 + 1A%vs)

for all u € H. Thus, by uniqueness, A*(v1 + Avg) = A*v1 + AA%vg, and A" is linear.
Moreover, A* is bounded as

1Al = Nyl
= sup |[(Au,v)|

llul<1

< sup [[All[lullllv]]
lull<1

< [lA[[llv]]
for all v € H, by the Cauchy-Schwarz inequality. Hence ||A*|| < ||A]|.
We have thus proved the result below.
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Master thesis 1.1 Linear operators and their adjoints

Theorem 1.4. Let A € B(H).
There exists a unique bounded linear operator A*: H — H so that

(Au,v) = (u, A™v)

for all u,v € H. Moreover, ||A*|| < ||A]|.

The operator A* is called the adjoint of A. Here are several basic properties for
computing adjoints.
Proposition 1.5. (i) Id;, = Idg, and (A*)* = A for all A € B(H).
(ii) (A+AB)*=A*+ AB*forall A,B e B(H) and A € C.
(i) (AB)*=B*A* forall A,B € B(H).
(iv) [|A*]| = |All, and [|A*A]l = |AA*|| = [|A]|? for all A € B(H).

Proof. (i) For any u,v € H, we have (u,Idg (v)) = (u,v) = (Idy(u), v), so necessarily
Id}, = Idg. In the same way, if A € B(H), we compute that

(u, Av) = (Av,u) = (v, A*u) = (A"u,v)
for all u,v € H, which implies A = (A*)".
(i1) Fix u,v € H, and observe that
(u, (A" + AB*)v) = (u, A*v) + Mu, B*v) = (Au,v) + A(Bu,v) = ((A+ AB)u,v)
using properties of the inner product. Therefore, A* + AB* = (A + AB)*.
(i11) Here again, we have
(u, B*(A™)) = (Bu, A™v) = {((AB)u,v)

for all u,v € H, implying (AB)* = B*A*.

(iv) We already know ||[A*|| < ||A||. On the other hand, the same inequality with A*
instead of A provides

(AT < [1A7]]
so by (1) we get in fact ||A|| < ||A*||. Henceforth, ||A*|| = ||A]|.
For the last claim, let u € H with ||u|| = 1. The definition of the operator norm

provides
|A* Aul|| < [[A*[[|Au] < |A* ANl = (A]?
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Master thesis 1.1 Linear operators and their adjoints

using ||[A*|| = ||A]| in the last step. On the other hand, an application of Cauchy-
Schwarz inequality shows that

|Aul? = (Au, Au) = (u, A*Au) < ||A"Au|| < |AA|

providing the other bound ||A||? < ||A*A||. We deduce that ||A*A|| = ||A||%. Applying
this equality to A* rather than A and using that ||A*|| = ||A||, one obtains also |AA*|| =
|A||? as wished. O

A unital C*—algebra is a unital algebra® A over a field K equipped with a norm
|| - l# and an anti-linear map -*: A — A, a +— a*, which satisfy the following
properties:

(1) (1#)* =14 and (ab)* = b*a* for all a,b € A.
(i1) (Involutivity) (a*)* = a for all a € A.
(i11) (Submultiplicativity) ||abl||la < ||a|l«l|b||A for all a, b € A.
(iv) (C*—identity) |laa*||4 = ||la*a||a = ||a||§( for all a € A.
(v) (Completeness) (A, || - ||#) is complete.

Note that if (A, || - || #) is a C*—algebra, we necessarily have ||a*||.# = ||a||# for all
a € A. Indeed, this equality clearly holds if a = 0, and if @ # 0 we have

2
lallz = llaa™la < llallalla®lla

and dividing through by ||a||# # 0, one gets ||a||a < ||a*||#. Applying this inequality
with a* rather than a provides ||a*||a < ||a||4, whence ||a||a = ||a*||# for all a € A.
In particular, the involution map is continuous on A, as if € > 0 is fixed, choose
0 := € > 0, and note that if a, b € A are so that ||a — b||# < §, then

la® = b"[la = l(a—b)"lla =lla - blla < b =e.

Proposition 1.5, and the previous results, exactly say that 8(H) is a C*—algebra,
for the involution sending any A € B(H) to its adjoint A* € B(H).

In the sequel, we will not go through the theory of C*—algebras, and we formulate
all our definitions and results in B(H). However almost all the theory we develop
can be, with slight modifications and small additional precautions, formulated in the
more general setting of an arbitrary C*—algebra, in particular the concepts of spec-
trum, spectral radius, and the functional calculus for self-adjoint elements. For more
background and details on this general setup, see e.g. [3, section 5.4.1], [6, chapter
VIII].

Let us then return to B(H). Because of the relation characterizing the adjoint of
an operator, we have the following equalities.

@If K is a field, an algebra over K is a K—vector space A with a bilinear map x: A X A — A,
so that (la) x (ub) = (Au)(a x b) for all a,b € A, A, u € K. Furthermore, if there exists an element
lg e Asothat lg Xa=aX1yg =a forall a € A, A is called unital.
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Lemma 1.6. Let A € B(H). Then Ker(A*) = Im(A)* and Ker(A) = Im(A*)*.
In particular, if A is invertible, then A* is invertible and (A*)~1 = (A~1)*.

Proof. First, suppose that v € Ker(A*), and fix u € H. Then (Au,v) = (u,A*v) =
(u,0) =0sov € Im(A)*. Conversely, if v € Im(A)*, then we compute that

|A* V|2 = (A*v, A*v) = (AA*v,v) = 0

which implies A*v = 0, so v € Ker(A*). Hence Ker(A*) = Im(A)~*. Applying this to A*
rather than A and using (A*)* = A, we deduce the second equality.

For the last claim, assume that A is invertible. We establish that (A™1)*A* =
A*(A™1)* = Idy, which shows at the same time that A* is invertible and that its
inverse is (A~!)*. To start, note that

(A™HY*A*u,v) = (A*u, A7) = (u, AA™ ) = (u,v)

for any u,v € H. Likewise, (A* (A7) *u,v) = ((A™Y)*u, Av) = (u, A1 Av) = (u,v) for
any u,v € H. Hence, one gets

(A™H"A" —Tdy)u,v) = ((A"(A™)" —Tdg)u,v) = 0

for all u,v € H, and Lemma 1.3 implies that (A™1)*A* = A*(A™1)* = Idg;. We conclude
that A* is invertible, with inverse (A*)~! = (A71)*. O

1.2 Several classes of operators

In this part we introduce different types of operators, and study the properties they
carry.

Definition 1.7. We say that an operator A € B(H) is
(1) normal if A*A = AA*.
(i1) unitary if A*A = AA* = Idy.
(111) self-adjoint (or hermitian) if A* = A.
(iv) positive if (Au,u) > 0 for any u € H.

(v) isometric if (Au, Av) = (u,v) for any u,v € H.

Additionally, we call an operator A € B(H) negative if —A is positive.
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In the sequel, we write S(H) c B(H) for the set of self-adjoint operators on H. It
is closed in B(H) for the norm-topology. Indeed if (A,,),cn 18 a sequence of self-adjoint
operators converging to A € B(H) in norm, then

|A-A%|=]A-A,+A, - A7
< |A-Anll+ 14, - AT
= 2[|A - Aqn||
for all n € N, using the triangle inequality, the fact that A;, = A, for all n € N and

Proposition 1.5 for the last equality. Since |A — A,|| — 0 as n — oo, we see that
|[A—A*||=0,s0A=A"

Likewise, U (H) stands for the set of unitary operators. It is a group with respect
to composition.

Finally, 8(H)* will denote the set of positive operators on H, while P (H)® will
denote the set of positive invertible operators on .

Let us provide simple examples to illustrate Definition 1.7.
Example 1.8. (1) A bounded linear operator on a finite-dimensional Hilbert space is a
matrix A of size dim¢ (H) xdimc (H) with complex coefficients a;;, 1 < i, j < dimc(H).

It 1s straightforward to check that A is self-adjoint if and only if a;; = aj; for all 1 <
i < j < dimc(H).

(ii) Let A be the operator on L?([0,1]) defined by (Au)(t) = tu(t), t € [0,1]. First of
all, we have

1
2 2 2 2
lAull? = / Clu®) dt < |lul?
0

for all u € L?([0, 1]), whence ||A]| < 1 and A is bounded. Additionally, we have

1 1
(Au,u):/o tu(t)ﬁdt:/() tlu(®))? dt >0

for any u € L%([0,1]), so A is positive, in particular self-adjoint and normal. However,
it is not an isometry since for u(¢) = v(¢) = 1, ¢t € [0, 1], we have (Au, Av) = % while
(u,v) = 1.

(iii) Consider the left shift operator on ¢2(N), defined by (Au), = un+1, n € N, for all
u = (Un)nen € €2(N). We see that
lAul3 = llull3 - luol® < llull3

for all u € ¢2(N), so A is bounded and ||A|| < 1. Moreover the inequality ||Au||2 < ||u||§

is an equality if we choose any u € ¢2(N) with ug = 0, whence in fact ||A|| = 1. It is not
an isometry since for u = (1,1,0,0,...) we have ||u||2 = 2 while (Au, Au) = ||Aul||®? = 1.
The computation

(Au,v) = )" (Au), 0,

neN

®In particular, this has not to be confused with P(H), the set of all subsets of H.
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= ) Unuals

neN

= Z UnUp-1

n>1

valid for all u,v € ¢?(N), shows that the adjoint A* of A is the right shift on ¢2(N),
defined by (A*u)g = 0 and (A*u), = u,_1, n > 1. In particular A is not self-adjoint.

(iv) If A € B(H), the operator A*A is bounded and positive. Indeed, for u € H, we
compute that
(A*Au,u) = (Au, Au) = ||Au|? > 0.

The same reasoning shows that AA™ is positive as well. We will see below that in fact
all positive operators arise in this form.

(v) If A € B(H) is positive and invertible, then A1 is positive as well. Indeed, fix
u € H, and write it as u = Av for some v € H. Then

(Au,u) = (v, Av) = (Av,v)
and this last inner product is positive since A is positive.

(vi) If A, B € B(H) are both positive, and if AB = BA, then AB is positive. We refer
to [12, theorem 4.6.9], [15, lemma 6.3.4] for a proof of this fact.

(vii)) If A, B € B(H) are self-adjoint and AB = BA, then AB is self-adjoint, as
(AB)* =B*A" = BA = AB.
In particular, if A € B(H) is self-adjoint, so are all its powers A”, n € N.

Let us now reformulate each of these definitions with the norm.

Proposition 1.9. Let A € B(H). The following properties hold.

(1) A is normal if and only if ||Au|| = ||A*u|| for any u € H.

(i1) A is unitary if and only if ||Au|| = ||A*u|| = ||u|| for any u € H.
(111) A is self-adjoint if and only if (Au, u) € R for any u € H.

(iv) A is an isometry if and only if ||Au|| = ||u|| for any u € H, and if and only
if A*A = Idg.

Proof. (1) To start, note that

|Aul® - |A*ul|* = (A*Au, u) - (AA™u,u) = ((A"A - AA")u, u) (1)
holds for any u € H. If A is normal, A*A — AA* = 0 so the right hand side of (1)
vanishes, and we get indeed ||Au|| = ||A*u|| for any u € H. Conversely, if this equality

holds, we deduce
((A*A - AA"u,u) =0

27



Master thesis 1.2 Several classes of operators

for any u € H. Lemma 1.3 then implies that A*A — AA* = 0, so A is normal.
(i11) If A 1s self-adjoint, we compute that

(Au,u) = (u, Au) = (u, A"u) = (Au, u)
so (Au,u) € R for any u € H. Conversely, if this condition holds, then
(A"u,u) = (u, Au) = (Au, u) = (Au, u)

so ((A* — A)u,u) =0 for any u € H, and as above Lemma 1.3 gives the conclusion.

(iv) First of all, suppose that A preserves the inner product. It implies that ||Aul||? =
(Au,Au) = (u,u) = ||u||? for any u € H, so A preserves the norm as well. On the
other hand, if A preserves the norm and u,v € H, one has

(Au, Av) = i(llA(u +0)I* = |A(w = ) I” + il A(u +iv)|* — il A(u ~ iv)|?)

1 2 2 - - 12 . .12
= Ul + ol = llu = oll® +illu + vll” — iflu - v]%)
= (u,v)

for any u,v € H. The first (and third) equality relies on the so-called polarization
identity'?, valid in any pre-Hilbert space. This shows that A is an isometry, and con-
cludes the proof of the first equivalence. To prove the second, as for (i) we first note
that

1Awll® = llull?* = (Au, Au) - (u, u) = ((A"A - Tdg))u, u) (2)

for any u € H. If A*A = Id¢ the right hand side of (2) equals 0, so ||Au|| = ||u|| for any
u € H. For the other direction, if A preserves the norm, we get

((A*A - Tdgy)u,u) =0

for any u € H, and Lemma 1.3 provides A*A = Idy.

(i1) This point is a combination of (i) and (iv). O

Note that in Definition 1.7, an isometric operator on 7 is not necessarily an isome-
try of the metric space (H, || - ||#), as defined in Appendix A, because we do not require
the operator to be surjective. In fact it is not true that a bounded operator preserving
the inner product is surjective: consider for instance the right shift on ¢?(N). It pre-
serves the inner product, but any sequence whose first coordinate is not 0 does not lie
in its image.

However, and we will use this in what follows, an invertible isometry is in fact
unitary, t.e. if A € B(H) is invertible and satisfies A*A = Idy, then AA* = Idy.
Indeed, the equality A*A = Idg implies

A*(AA")A = (A*A)(A*A) = Tdy = A*A

@This identity exactly states that 4(u,v) = ||u + v||> = ||u — v||® + i|lu + iv||? - i||lu — iv]?, for any
u,v € H. The best way of proving it is to directly expand the right-hand side.
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and multiplying this equality from the left with (A*)~! (which exists because A is
invertible, see Lemma 1.6) and from the right with A~ provides AA* = Id¢, and thus
A 1s unitary. The same reasoning shows that an invertible operator A with AA* = Idy
satisfies also A*A = Idy.

For normal operators, Proposition 1.2 takes a simpler form.

Corollary 1.10. Let A € B(H) be normal. It holds that
(1) Ker(A) = Ker(A™).
(i) Im(A) is dense in H if and only if A is injective.

(111) A is invertible if and only if there exists C > 0 so that ||Au|| > C||u|| for
any u € H.

Proof. (1) Since A is normal, ||Au|| = ||A*u|| for any u € H by the previous proposition,
whence u € Ker(A) if and only if u € Ker(A*).

(11) By the orthogonal Liecomposition theorem ([3, corollary 1.4.6], [13, theorem A.2]),
the fact that (V)1 = V® for any subspace V ¢ H and Lemma 1.6, we have

H = Ker(A*) @ (Ker(A*))" = Ker(A*) & (Im(A)")" = Ker(A*) & Im(A).

Point (i) of the present corollary now implies H = Ker(A) & Im(A), whence Im(A) is
dense in H if and only if A is injective.

1
ALl
seen in the proof of Proposition 1.2. Conversely, suppose there is C > 0 so that

[Aull = Cllull

(i11) If A is invertible, it suffices to consider C := > 0 and the inequality holds, as

for any u € H. Again by Proposition 1.2 it is enough to show that the image of A
is dense in H. By (ii) above, it is the same as proving that A is injective, which is
a consequence of the assumption (as seen in the proof of Proposition 1.2). Thus A is
invertible and we are done. ]

1.3 Resolvent set, spectrum and spectral radius

The concept of spectrum for an operator generalizes that of eigenvalues for a finite
dimensional matrix, and is crucial for the study of the different classes introduced
above.

(5To prove this, first note that (V) is a closed subset containing V, so it contains also V. Conversely,
fixv € (V1)L and writeitasv = v{+vg, V1 € ‘_7, vg € ‘_/'L (by [13, theorem A.2]). AsV C ‘_7, it follows that
V' V+, 50 {(v,v9) = 0. Using linearity of the inner product and (vy, vs) = 0, this reads as (vs, v2) = 0.
Thus vy = 0, and then v = v; € V, proving the inclusion (V+)* c V.
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Definition 1.11. Let A € B(H).
The resolvent set of A, denoted p(A), is defined as

p(A) :={1 € C: A - Aldy is invertible}.
The spectrum of A is 0(A) :=C \ p(A).

Before looking at examples, we establish basic properties of the spectrum of an
operator.

Proposition 1.12. Let A € B(H).
If [A| > ||]A]|, then A € p(A). In particular, 0(A) c {1 € C:|1] < ||A]l}.

Proof. We start by proving the following claim: if S € B8(H) has ||S|| < 1, then Idg,—S
is invertible.

n
Indeed, suppose ||S|| < 1, and let S,, := Z S*. Then for n,m € N, n > m, one has
k=0

n

2,5

k=m+1

”Sn - Sm” =

<Y st

k=m+1

using the triangle inequality and the submultiplicativity of the norm. The right-hand
side is the rest of a convergent series, since ||S|| < 1. We thus see that ||S,,—S,,|| — 0
as n,m — oo, .e. (Sy)uen 18 Cauchy in B(H). The latter being complete, (S, )nen
converges in B(H), and we call T its limit. We compute then that

n n
(Idgr — S)T = lim (Z Sk — Z sk“) = lim (Idg — 8™) = Idy
k=0 k=0

and similarly T'(Idg — S) = Idy. Hence Idy — S is invertible and (Idy — S)™! =T.
This claim implies directly the proposition, because if |1| > ||A||, then ||%|| <1, so0
Idy — % is invertible, and thus so is

A
—/1(1(17_( — I) =A — Aldyy.

This implies that 1 € p(A), and that 0(A) is contained in the closed disk of radius
||A|| centered at the origin, finishing the proof. O

This result of boundedness for the spectrum motivates the next definition.

30



Master thesis 1.3 Resolvent set, spectrum and spectral radius

Definition 1.13. Let A € B(H).
Its spectral radius, denoted r(A), is defined as

r(A) := sup |A].
Aeo(A)

In particular from Proposition 1.12 we directly get
r(A) < [|All

for any A € B(H), i.e. the spectrum of A € B(H) is a bounded subset of the complex
plane.

Note also that, from Lemma 1.6, A — Aldg, is invertible if and only if (A — Aldgy)* =
A* — Aldgy 1s invertible. This equivalence provides

g(A) ={1:1ec(A)}

and in particular r(A) = r(A¥).

The next result, coupled with the boundedness of the spectrum, ensures that the
latter is always a compact subset of C.

Proposition 1.14. Let A € B(H). Then o(A) c C is closed.

Proof. Let A € p(A). For u € Csothat |u—-A1| < m, the operator (u—1)(A —
Aldg)~! — Idy is invertible by the claim in the proof of Proposition 1.12, and since

A — pldg = —(A = Aldy) (= A)(A = ATdg) ™ — Idgy)

we deduce that A — uldy is invertible. Thus p(A) contains the open ball centered

at A of radius AT and as this holds for any 1 € p(A), it is an open set. Its

complement o (A) is therefore closed in C. O

Let us provide a simple example of computation of spectrum.
Example 1.15. Consider the left shift on H = ¢?(N), defined as
A: 02(N) — ¢2(N)
u= (un)nEN L — (un+1)n€N-

We have seen above (Example 1.8) that A is bounded with ||A|| = 1. Now fix 1 € C
with |1] < 1, and consider u := (1,1,1%2,13,...) # 0. Then

2 2 2
el =D Jual? = Y AP < oo

neN neN
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as |1| < 1, so u € £2(N), and moreover
Au=(1,A%23,...) = A

Thus any complex number in the open unit disk is an eigenvalue of A, and therefore
is in the spectrum of A:
{AeC:|A| <1} co(A).

As 0(A) is closed in C, it must also contain the closure of the open unit disk, which is
the closed unit disk. Hence {1 € C : |[1] < 1} € 6(A). On the other hand, the reverse
inclusion holds by Proposition 1.12, as ||A|| = 1. Hence we deduce

o(A)={leC: A <1}

Here is how the spectrum behaves with respect to translation.

Lemma 1.16. Let A € B(H), and y € C. Then one has
o(A—-yldy) =0(A) -y
where 0(A) -y :={1—-y:1e0(A)}.

Proof. Straightforwardly we have the equivalences

t € 0(A—-yldy) & (A —yldy) — tldy is not invertible
&= A — (v + t)Idg is not invertible
= y+teo(A)

—teo(A) -y

whence the conclusion. m|

In general, two arbitrary operators do not commute. However, if A, B € B(H), the
products AB and BA share the same non-zero spectral points.

Proposition 1.17. Let A, B € B(H). Then
o(AB) \ {0} = o(BA) \ {0}
and, in particular, r(AB) = r(BA).
Proof. Let A € C, 1 # 0. We must show that AB — Ald¢; is invertible if and only if

BA — A1d4y 1s invertible. First, we handle the case A = 1. Suppose then that AB — Idg,
is invertible, and write C for its inverse. Then

C(AB -1dy) = Idy, (AB —1dy)C = Idy

32



Master thesis 1.3 Resolvent set, spectrum and spectral radius

and re-arranging gives CAB = Idy + C = ABC. It follows that

(BCA —1dg)(BA —1dyy) = BCABA - BCA — BA +1dy
= B(Idy + C)A — BCA — BA + Idy
= BA+ BCA - BCA - BA+1dy
= Idy

and also

(BA —1d¢y)(BCA —1d4y) = BABCA — BA - BCA +1dy
= B(Idyy + C)A — BA — BCA + Idy
= BA+ BCA - BA—-BCA +1dy
= Idy

proving that BA — Idy, is invertible, of inverse
(BA -1dy) ' = B(AB - Idg) *A - Idy.

Exchanging the role of A and B, we get the reverse implication. We now extend to
arbitrary A # 0, using that any scalar commutes with A, B and the particular case we
just proved. Indeed

1
AB — Aldg is invertible &= (EA)B — Idy¢y 1s invertible
1 .. :
= B(ZA) — Idy, is invertible

1
& (BA - /ud?{)z is invertible
&= BA - Aldyy is invertible.

Thus 0(AB) \ {0} = 0(BA) \ {0} and it immediately follows that r(AB) =r(BA). O

Now we provide alternative descriptions of points in the resolvent set, when the
operator in question is self-adjoint.

Lemma 1.18. Let A € B(H) be self-adjoint, and A € C. The following are
equivalent.

(1) 1€ p(A).
(i1) There exists C > 0 so that ||(A — AIdg)u|| > C||u|| for any u € H.

Proof. Suppose A is self-adjoint, and A € C. Then
(A — AIdg)* (A — AIdgy) = (A — A1dg) (A — Aldg)
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= A% — 1Aldgy — AIdy A — AATdgy
= (A - Aldy) (A — Adgy)"

so A — Aldg is normal. Now Corollary 1.10(iii) and the definition of p(A) gives the
desired equivalence. O

Equivalently, 1 € o(A) if and only if there exists a sequence (u,),en € H so that
|lu,|| =1 for any n € N and ||(A — Aldy)u,|| — 0 as n — oo.

This characterization allows us to get informations about the localization of the
spectrum of a self-adjoint or positive bounded operator.

Proposition 1.19. Let A € B(H). The following hold.
(1) If A is self-adjoint, then 0 (A) C R.
(1) If A is positive, then o (A) C [0, ).

Proof. (i) Suppose that A is self-adjoint. Let A = a + ib be a complex number with
b # 0. Then one has

(A = Adg)ul|? = ((A - AIdg)u, (A — AIdgy)u)
= [|Aull® = (A + A){Au, u) + AP ||ull?
= | Aull® - 2a(Au, u) + a®||ul|* + b||ull?
= ||Aul||® - 2Re(Au, au) + ||aw|? + b2||u||?
= ||Au + aul|® + b?||u|)?
> b7|ul?
for any u € H. Lemma 1.18 then implies 1 € p(A). Thus C\R c p(A) =C\ 0(A), so
o(A) Cc R.

(i1) For the case of positive operators, we proceed in the same way. It just remains
to exclude negative numbers from the spectrum. Let then 1 = a < 0. Note that
—2a(Au,u) > 0 for any u € H by positivity of A. Hence with the above computation,
we also have

I(A = ATdg)ull® = | Aull? - 2a(Au, u) +a®|lul® = o®|lu|?

>0

for all u € H. Invoking again Lemma 1.18, we see that p(A) also contains (—o0,0),
and therefore o (A) C [0, ). O

Remark 1.20. From the definition of the spectrum, an operator A € B(H) is in-
vertible if and only 0 ¢ o(A). It follows that, if A is positive and invertible, then
o(A) c (0,00). Additionally, since o(A) is closed, it cannot contain points arbitrary
close to 0, so there must exist € > 0 so that 0(A) C (g, ).
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We now aim at relating this property to inner products of the form (Au, u), u € H.

Definition 1.21. Let A € B(H) be self-adjoint.
The numbers

m = inf (Au,u), M := sup (Au,u)
llull=1 llull=1

are called respectively the lower bound and the upper bound of A.

It immediately follows from [6, theorem 2.2.13], [13, theorem 1.12] that
|All = max(|m/|, |M])

if A € B(H) is self-adjoint.

Proposition 1.22. Let A € B(H) be self-adjoint. Then m, M € o (A).

Proof. To start, suppose A is positive. In this case, we have ||A|| = sup (Au,u) =M >
llull=1
m > 0. By definition of M, there is a sequence (u,),>1 C H so that

1
lunll =1, (Aup,un) 2 M - n’

for any n > 1. It follows that

(A = MIdg)un||® = |Aug || — 2M(Auy, up) + M?||u, ||
< 2M? - 2M(Au,, u,)

—0

as n — oo, and the remark right after Lemma 1.18 then yields M € 0(A). The same
arguing shows that m € g(A) if A is negative. The general case is handled as follows.
Let A € B(H) be self-adjoint, and y > max(|m|,|M|) = ||A||. Observe that A + yId
is then a positive operator, as

(A+yIdg0)u, u) = (Au, u) +yllull® = —yllull® + yllul® = 0

for any u € H, using the Cauchy-Schwarz inequality. Additionally, observe that M +y
is the upper bound of A + yId4;, whence M +y € o(A + yIdy) by the particular case
we proved beforehand. By Lemma 1.16, we deduce M € o(A). Similarly, we reduce
the proof of m € g (A) to the case of a negative operator by considering A — yIdy. O

We can then obtain the following corollary.
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Corollary 1.23. Let A € B(H) be positive. The following are equivalent.
(1) A 1s invertible.

(ii) There exists € > 0 so that (Au, u) > &||u||? for any u € H.

Proof. (i1) = (1) : By the assumption and the Cauchy-Schwarz inequality, one has
lAullllull > (Au,u) > &|u|?

for any u € H \ {0}, and dividing through by ||u|| # 0 yields ||Au|| > ¢||u|| for all
u € H \ {0}. As the same inequality holds if © = 0, and as A is normal, Corollary
1.10(111) implies that A is invertible.

(1) = (11) : We show rather the contrapositive. Suppose that for any € > 0, there is
u € H so that (Au, u) < €||u||?. In particular, for each n > 1, we find u,, € H so that

1
<Aun, un> < ;”un”2

This inequality implies that u,, # 0, and we consider v, = ﬁ, for any n > 1. We

have thus found a sequence (v,,),>1 so that ||v,|| = 1 and (Av,,v,) < % for any n > 1.
This easily implies that the lower bound of A is 0, and applying Proposition 1.22, we
get that 0 € 0(A), whence A is not invertible. ]

Here is an important fact on the spectral radius. It is sometimes referred as the

Gelfand’s formula, or the spectral radius formula. The proof relies on complex analysis,
which we did not introduce, so we will omit it.

Theorem 1.24. Let A € B(H). Then r(A) = lim ||A"|Y/".
n—oo

Proof. See [3, theorem 5.2.7]. O

We derive from this result the following consequences.

Corollary 1.25. Let A, B € B(H).
(1) If AB = BA, thenr(AB) < r(A)r(B).
(1) If A is normal, then r(A) = ||A]|.
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Proof. (1) Since A and B commute, (AB)" = A"B" for all n € N. Using Theorem 1.24
and the submultiplicativity of the norm, it follows that

r(AB) = lim I(AB)"||Y" = lim lAB* | < lim 1At lim IB* |V = r(A)r(B)

as announced.

(ii) Suppose first that A is self-adjoint. Using Proposition 1.5(iv), one has ||A?|| =
|A||?. Applying this equality with A2, which is also self-adjoint, yields ||A%|| = ||A||*.
Continuing this inductive process we get

1A% || = |A*
for all n € N. Then ||A%"||Y/2" = ||A|| for all n € N, and we get

r(A) = lim A"V = Tim [|A%|Y*" = A

establishing (i1) in this particular case.

Now, more generally, suppose that A is normal. Applying what we just showed to
the operator A*A, which is self-adjoint, we have

1A = |A*All = r(A™A) < r(A")r(A) = r(A)* < | AJI”.

Here the first equality is again Proposition 1.5(1v) and the first upper bound is point
(1) of the present corollary. The last equality and the last upper bound are the two
remarks following Definition 1.13. Hence we deduce r(A)? = ||A||?, giving 7(A) = ||A]|
and finishing the proof. O

1.4 Functional calculus for self-adjoint operators

The goal of this part is to give a sense to expressions of the form f(A), where A is
a self-adjoint operator on H and f is a continuous function on o (A) C R.

To start, if A € B(H) and if P(X) = a, X" +---+a1X + ap € C[X] is a polynomial
in the formal variable X, we define

P(A) :=a,A" + -+ a1A + apldy € B(H).

The first result we establish is that this construction is compatible with the spec-
trum of an operator. To show this, we need a lemma about commutativity and invert-
ibility of operators.

Lemma 1.26. Let A, B € 8(H) be so that AB = BA. If AB is invertible, then A
and B are invertible. More generally, if A - - - A, is invertible and Aq,..., A, €
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B(H) are pairwise commuting, i.e.
AAj=AjA;

forallz,j=1,...,k, then A, is invertible for all: =1, ..., k.

Proof. By assumption, there is C € B(H) so that C(AB) = (AB)C = Id4. By associa-
tivity, A has BC as right inverse, and by commutativity of A and B, CB as left inverse.
But then

(CB)A = Idyy = (CBA)BC = BC = CB(ABC) = BC => CB = BC.

We conclude that BC is the inverse of A. The same reasoning shows that AC = CA is
the inverse of B.

Let us now turn our attention to the second statement, that we prove by induction
on £ > 1. If £ = 1, there is nothing to show, and we have just handled the case £ = 2.
If now the statement holds for some 2 > 1, and that Aq,...,Ar, Ap1 € B(H) are
pairwise commuting with A - - - Az,1 being invertible, then the operators A; - - - A; and
Ap.+1 commute, and their product is invertible. By the case we just proved, we deduce

that A;--- A, and Ay, are invertible. Now A4, ..., A, are pairwise commuting and
their product is invertible, so the induction hypothesis applies, and Aq,..., A are
invertible. This concludes the inductive step, and our proof. ]

Proposition 1.27. Let A € B(H), P(X) € C[X]. Then

o(P(A)) =P(a(A) ={P(1): A a(A)}.

Proof. If P is the zero polynomial or is constant, the claim is obvious. Suppose then
that deg(P) > 1. First, suppose that 1 ¢ P(0(A)). Since C is algebraically closed, we
can factor

PX)-A=c(X—p1)...(X— )

where n := deg(P), y1,...,14n € C,and c € C\ {0}. We deduce that

P(p1) =---=P(un) =1
and by assumption A ¢ P(0(A)), so it follows that ui,...,u, ¢ 0(A). This implies
that A — y;1d4y is invertible for alli = 1,. .., n, and thus so is the operator

c(A - pldyy) ... (A — up,ldgy) = P(A) — Aldyy.

Hence A ¢ 0(P(A)), which shows that 0(P(A)) c P(g(A)).
Conversely, suppose 1 € P(0(A)), and as above write

PX)-A=c(X—p1)...(X— ).
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We have A = P(z) for some z € 0(A), so z is a root of P(X) — A. Up to re-labeling, say
z = (1. We deduce that A — p11dg, is not invertible, whence

C‘(A — ,ulld«]—{) “e (A — ,unqu.[) = P(A) - /11d7.{

is not invertible either, by the contrapositive of Lemma 1.26. We conclude that A is in
o(P(A)), as wanted. This concludes the proof. O

Remark 1.28. Note that this result provides an immediate proof of Lemma 1.16.

If A is a bounded self-adjoint operator on H, its spectrum is a compact subset of
the real line, and we can consider C(o(A)) the Banach space of continuous functions
defined on 0(A) C R with values in C, equipped with the supremum norm || - ||c.
Moreover, we endow this space with a multiplicative structure by setting

(fg)(A) = f(1)gA)

for any f,g € C(0(A)), A € 0(A), and an involutive structure via f(1) := f(A1),
feC(og(A)), A e o(A). Equipped with these maps, C(cg(A)) is a C*—algebra (see e.g.
[6, example 9.1.4]).

The main idea to define f(A) for any self-adjoint operator A and f € C(0(A)) is to
approximate f by polynomials appealing the Weierstrass approximation theorem and
using that any continuous linear map defined on a dense subspace of a normed space
and taking values in a Banach space can be uniquely extended to the whole space.

Proposition 1.29. Let X be a normed space, Y be a Banach space, and E ¢ X
be a dense subspace of X. Denote (: E — X the natural injection.

For any continous linear map f: E — Y, there exists a unique continuous linear
map f: X — Y sothat foi=f.

Proof. Let f: E — Y be linear and continuous, and let F(¢) = ||f||¢, ¢ > 0, be a
modulus of continuity® for f. Let x € X. By density of E, there exists a sequence
(xn)nen In E so that x, — x as n — oo. In particular (x,),cn 1s Cauchy, and as f is
linear continuous, (f(x,))nen is Cauchy inY. AsY is complete, this sequence converges
to some y € Y. Set then f(x) := y. A priori, this definition of f(x) may depend on the
choice of the sequence we make to approach x. If we pick another sequence (x),)sen

converging to x, then
Tim [l =) = || lim (= ;)] = 0
whence lim ||f(x,) — f(x,)]| < lim F(||x, —x,]||) = 0, proving that
n—oo n—oo

lim £ (x,) = lim £(x)).

®)Note that any continuous linear map f: X — Y between two normed spaces is in fact uniformly
continuous, and that F(¢) = ||f||t, ¢t = 0, is a modulus of continuity for f, as in Proposition A.11.
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Hence f is well-defined. By construction it is also linear and satisfies f o ¢ = f. More-
over, if x,y € X, choose two sequences (x,)nen, (¥n)nen In E converging to x and y
respectively, and observe that

IF@) = F)ll = Tim [I£ Gen) = £ ()]
< lim F([lxn - yal)
= £l Tim i, = g
= F(lx - Il

by continuity of the norm. We deduce that f is uniformly continuous, with the same
modulus of continuity as f. Additionally, f is unique because continuous and equals
to f on the dense subspace E C X. This finishes the proof. |

As advertised, here is the second main ingredient we need.

Weierstrass approximation theorem. Let X C R be a compact set. Then the
subspace of C(X) consisting of polynomial functions is dense in C(X) for the supre-
mum norm || - ||c.

There is in fact a more general version of this result, called the Stone-Weierstrass
theorem, giving necessary and sufficient conditions for a subalgebra of C(X) to be
dense in C(X). We will not show any of these results, and we refer to [3, theorem
5.4.51, [5, theorem I1.1.8] or [6, theorem 8.1] for more background and proofs of these
theorems.

Henceforth, we are in a position to show the existence of a functional calculus for
self-adjoint operators.

Theorem 1.30. Let A € B(H) be self-adjoint.
There exists a unique continuous map

Pa: C(o(A)) — B(H)
f—r(A)

so that f(A) has its usual sense if f is a polynomial and so that, for all f, g €
C(o(A)), a,b € C, one has

@ NIf (A= 1lf e
(ii) (af +bg)(A) = af(A) +bg(A).
(i) (fg)(A) =f(A)g(A).
(iv) f(A) = f(A)".
(v) f(A) is normal.
(vi) Bf(A) =f(A)B if B € B(‘H) satisfies AB = BA.
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Proof. By Proposition 1.19, 0(A) is a compact subset of R, and by the Weierstrass
approximation theorem, the subset D of C(0(A)) consisting of polynomials with com-
plex coefficients is dense in C(0(A)), for the topology induced by || - ||o. If P(X) =
ap, X" +---+a1X + ag is such a polynomial, P(A) = a,A" + - - - + a1A + agldy, and as
A is self-adjoint and (A*)* = (A*)* for all £ € N, we get

P(A)* =a,A" +--- +a1A + agldy = P(A).

In particular, P(A)P(A)* = P(A)*P(A), so P(A) is normal. Next, if B € B(H) com-
mutes with A, it also commutes with all powers of A, and hence with P(A). Likewise
(11) and (i11) are easily checked if f, g are polynomials. Additionally, it holds that

IP(A)|l =r(P(A)) = sup [A[= sup |[P(p)| =[Pl
Aea(P(A)) ueo(A)

using Corollary 1.25(i1) for the first equality, the definition of the spectral radius for
the second, and Proposition 1.27 for the third one. Hence the map

pa: D — B(H)
P+— P(A)

is well-defined, and isometric. In particular, it is continuous. It is also linear. The set
D being dense in C(0(A)), and B(H) being a Banach space, Proposition 1.29 shows
that ¢ extends uniquely to a continuous linear map

Pa: C(a(A)) — B(H)

fr— f(A).
The fact that ¢4 extends @4 precisely means that ¢ (f) = f(A) has its usual sense if
f is a polynomial. This proves the first claim. We checked (i)-(vi) are satisfied if f is a
polynomial, and by continuity they must remain true for all f, g € C(0(A)). We show

this for (i) and (iv) to illustrate how it works, and the other proofs are similar (see e.g.
[3, theorem 5.4.7]).

Let f € C(0(A)). There exists a sequence (P, ),y C D that converges to f in norm,
Le.
Tim [P, £l = 0.

Since ¢ is continuous, we also have lim ||/ (A) — P,(A)l||g(#) = 0. This implies

IF (Al — I lleo| = |IF (Al (20) = IPa(A) lg(20) + 1Pn(A)ll 20y — If lloo|
< IF (A llgr) = 1P (A)llgrn)| + |1Palleo = IF o]
< If(A) = Po(A) gy + [1Pn = fllo

(DThis is checked by induction on % € N. For £ = 0 it reduces to Idg = Idg, and if it holds for & € N,
then

(Ak+1)* — (AkA)* — A*(Ak)* — A*(A*)k — (A*)k+1

as announced.
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for any n € N, using several times the two triangle inequalities, and the fact that (1)
holds for polynomials. In this last estimate, both terms tend to 0 as n — oo, and we
conclude that

IF (M zer) =1l

which shows (1).

Now we turn to (iv). Again let f € C(0(A)), and pick a sequence (P,),en In D
converging to f in norm. The complex conjugation is the involution of the C*—algebra
C(o(A)) and is therefore continuous®, whence (P,,),en converges to f. By continuity

of Pa, (Pn(A))uen converges to f(A) and (P, (A))nen converges to f(A). Hence, if
u,v € H, we compute that

(u, f(A)v) = lim (u, Py(A)v)

= lim (u, P, (A)"v)
lim (P, (A)u, v)
= (lim P, (A)u,v)
= (f(A)u,v)

for any n € N, using continuity of the inner product in each variable for the first and
fourth equality, and the fact that (iv) holds for P,, n € N. Hence we conclude that

F(A) = f(A)*, and (iv) is verified for any f € C(o(A)). O

We will refer to property (iii) above by saying that ¢4 is multiplicative.

More generally, if ¢ : A; — Ay is a map between two C*—algebras, v is called
multiplicative if it preserves multiplicative structures:

¥ (ab) =y (a)y(d)

for any a,b € Aj.

We note directly from Theorem 1.30(iv) that f(A) is self-adjoint if and only f is
real-valued.

Remark 1.31. If A € B(H) is self-adjoint, the functional calculus for A is compatible
with conjugation by a fixed bounded invertible operator, i.e. if B € Aut(H), and f €
C(o(A)), then

f(BAB) = B lf(A)B.
We first see that the above relation holds if f is a polynomial, because it holds for
monomials of the form X" (by induction for instance) and because of linearity of con-

jugation. If now f € C(o(A)), choose a sequence (P, ),en so that P, — f asn — oo.
We then write that

If(B~*AB) — B™'f(A)B|| = ||f (B"'AB) - P,(B"'AB) + P,(B™'AB) - B™'f(A)B]|

® As proved right after Proposition 1.5.
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< |If(B™'AB) - P,(B™'AB)|| + | B'P,(A)B - B”'f(A)B|
< |If = Palleo + BT = Pall<lIBIl

for any n € N, and ||f — P,||lco — 0 as n — co. This implies

f(B™AB)=B"'f(A)B
as wanted.

Furthermore, @4 is injective, as if f, g € C(0(A)) satisfy f(A) = ga(f) = Pa(g) =
g(A), points (i) and (ii) of Theorem 1.30 provide

lg —Fllo =1l(g = (A = llg(A) - f(A) =0
and thus g = f. This observation yields the following corollary, which will be useful
when introducing square roots.
Corollary 1.32. Let A € B(H). The following equivalences hold.
(1) A is self-adjoint if and only if 0(A) C R.
(ii) A is unitary if and only if o(A) c S'.

(ii1) A is positive if and only if A is self-adjoint and g(A) C [0, ).

Proof. (1) We have the sequence of equivalences

A=A" = pa(lds(a)) = pa(Idga))”
= Pa(lds(a)) = Pa(ldy(a))
& Td,y(a) = Idy(a)
using that ¢4 is involution-preserving (point (iv) of Theorem 1.30) and injective. Since
the last equality means exactly 0 (A) C R, this proves the claim.

(ii) Denoting by 1,(4) the constant function equals to 1 on o (A), we have

A'A =1dy = Pa(ldy(a) Pa(Idga)) = Pa(ls(a))
= Pa(dya)PaIdsa) = Pa(ly(a))
= Ga(lldsa)l*) = Pa(lya)
= [ldya)? = Loa)

e Vleo(A), A?=1
= o(A)c{1eC:|A=1}.

If A is unitary, then A*A = Id¢;, and A has spectrum contained in the unit circle.
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Conversely, if A has spectrum contained in the unit circle, A*A = Id¢; and addition-
ally, A is invertible as 0 ¢ 0(A). These two conditions imply AA* = Id (as explained
right after Proposition 1.9), and A is unitary.

(111) It follows from Proposition 1.9(iii) that a positive operator A is self-adjoint and
from Proposition 1.19 that 0 (A) C [0, c0).

Conversely, if a self-adjoint operator A has (A) c [0, o), the function f(¢) = t1/2
is well-defined and continuous on 0 (A). We may then apply Theorem 1.30 to A to get
an operator B = f(A) with the property that

B® = f(A)f(4) = (f*)(A) = (1dy(4))(A) = A.

Additionally, B is self-adjoint since f takes real values, which allows us to compute
(Au,u) = (B?u,u) = (Bu, Bu) = ||Bu|® > 0

for any u € H. This proves that A is positive. O

Our next goal is to boost Proposition 1.27, to extend it to any continuous function
on the spectrum of a bounded self-adjoint operator. This requires several steps. The
first one is the next lemma.

Lemma 1.33. Let A € B(H) be self-adjoint, and f € C(g(A)). Then
a(f(4)) c f(a(A)).

Proof. Suppose A ¢ f(0(A)). We show that 1 ¢ o(f(A)). By assumption, A is not in
the range of f, so we may consider the function

g(z) == zeo(A)

1
fz)-A
which is also in C(0(A)). One has then

(f(A) - Aldg)g(A) = ((f = 1)g)(A) = 15(4)(A) =Idy
g(A)(f(A) — Aldy) = (g(f = 1)) (A) =15(4)(A) = Idy

using point (iii) of Theorem 1.30. This shows that f(A) — Ald¢; is invertible. Thus
A ¢ o(f(A)) and we conclude that o (f(A)) C f(o(A)). O

To prove the converse, we will appeal the next fact about invertible operators.

Lemma 1.34. Aut(‘H) is open in B(H).
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Proof. Fix A € Aut(‘H), and let B € B(H) be so that ||A — B|| < HA—l*lll' Then

ITdy — A™'B|| = |A™(A-B)|| < [A7'[[|[A- Bl < 1
and it follows from the claim proved in Proposition 1.12 that Idy—(Idg—A"'B) = A™'B

is invertible. Thus B = A(A~!B) is invertible as a product of two invertible operators.
This shows that Aut(7) is a neighbourhood of any of its elements, i.e. is open in

B(H). O

We are now ready to see that continuous functions preserve spectrums.

Theorem 1.35. Let A € B(H) be self-adjoint, and f € C(0(A)). Then
a(f(A) =1(o(A)).

Proof. One inclusion is Lemma 1.33. We prove the reverse inclusion. Let 1 € 0 (A) and
set 1 := f(1). We must argue that u € o(f(A)). Towards a contradiction, suppose that
U ¢ o(f(A)). This implies that f(A) — uldyy is invertible. Now, choose a sequence of
polynomials (P,),cn that converges to f in C(o(A)). By continuity of ¢4, the sequence

(Pn(A) - Pn(/l)IdW)neN

converges to f(A) — uldes, and since the latter is invertible, P,(A) — P,(A)Idy is
invertible for n large enough, by Lemma 1.34. Thus P,(1) ¢ o(P,(A)) for n large
enough, which is absurd in view of Proposition 1.27. We conclude that u € o(f(A)),
and the proof is complete. O

This theorem has immediate consequences.

Corollary 1.36. Let A € B(H) be self-adjoint and f € C(g(A)). Then
(1) f(A) is positive if and only if f takes positive real values.

(ii) f(A) is unitary if and only if f takes values in S1.

Proof. (1) Using Corollary 1.32(iii), f (A) is positive ifand only if f (A) is self-adjoint and
o(f(A)) c [0, ), or equivalently f is real-valued and f(0(A)) C [0, o), by Theorem
1.35. These two conditions are equivalent to the single one f(o(A)) C [0, ), whence
the claim.

(i) Likewise, by Corollary 1.32(ii), f (A) is unitary if and only if o(f(A)) c S, i.e. if
and only if f(0(A)) c S!, by Theorem 1.35. O

As already used several times, if f € C(0(A)) is real-valued, then f(A) is self-
adjoint. In that case, it is then possible to apply Theorem 1.30 to f(A) itself. The next
proposition describes the functional calculus for f(A) in terms of the one for A.
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Proposition 1.37. Let A € B(H) be self-adjoint, and f € C(0o(A)) be real-
valued. If g € C(0(f(A))),thengof € C(o(A)) and

Pa(gof)=Pra(g).

Proof. It is a uniqueness arguing. Denote

y:C(a(f(A))) — C(a(A))
gr—gof.
Let g € C(0o(f(A))). Since o(f(A)) = f(0(A)) by Theorem 1.35, g is continuous on

the image of f, so gof is continuous on 0 (A) and v is well-defined. With this notation,
we are left to prove

PACY = Pr(a)-
Note first that ¥ is an isometry, as

lv (@l =llgofllo= sup |gof(x)|= sup |g(®)]=Igllw
x€a(A) teo(f(A))

forany g € C(o(f(A))), where the third equality relies on Theorem 1.35. In particular,
W is continuous. It is furthermore linear and multiplicative, as

Y(ag1+bgs) = (ag1+bge)of =a(g1of)+b(gzof)=ay(g1)+by(ge)
for any g1,g2 € C(0(f(A))), a,b € C, as well as

v(g182) = (g182) o f = (g1of)(g20of) =y (g1)w(g2)

for all g1,g9 € C(0(f(A))). This implies that ¢4 o ¥ is continuous, linear and multi-
plicative. Now, we compute that

Paoy(Idy(ray) = Pa(y (Idg(r(ay))
= @a(ldy(f(a) ©f)
= @a(f)
=f(A)
= Pr(a)(Ido(r(a))
meaning that ¢4 o ¥ and @y 4) agree on Id, (). Since both maps are linear and
multiplicative, they agree on the dense subset of polynomials in C(o(f(A))). Coupled

with continuity of both maps already established, the uniqueness part in Theorem
1.30 forces to have @4 o ¥ = ¢r(a), as wanted. We are done. O

Now, if A € B(H) is self-adjoint, Theorem 1.30 provides a new operator exp(A) €
B(H), which is self-adjoint since the exponential is real-valued, and in fact positive
since the exponential takes positive values (Corollary 1.36(1)). It turns out this process
is invertible.

46



Master thesis 1.4 Functional calculus for self-adjoint operators

Corollary 1.38. The exponential map exp: S(H) — P(H) is a bijection.

Proof. Let A € S(H). Then exp(A) is positive, and also invertible since exp(x) > 0
for any x € 0(A) and o(exp(A)) = exp(0(A)). The map exp: S(H) — P(H) is
thus well-defined. Moreover, o (exp(A)) C (0, ), so the logarithm is well-defined and
continuous on o(exp(A)). By Proposition 1.37 we have

@a(Inoexp) = Pexp(a)(In)
i.e. In(exp(A)) = (Inoexp)(A). The right-hand side reduces to Id,4)(A) = A, so that
In(exp(A)) = A.

Conversely, if A € P(H) then 0(A) C (0,0),In € C(c(A)) and is real-valued,
thus In(A) is self-adjoint. Applying the exponential yields as above to

exp(In(A4)) =1dy4)(A) = A
showing that exp: S(H) — P(H) is a bijection, of inverse In: P(H) — S(H). O

Remark 1.39. (i) Another way of defining the exponential of a self-adjoint operator is
the following: for A € S(H), consider the sequence of operators

and observe that, if n > m > 0, then

oAk M Ak n k
A A A

2w = 4w

and since the last sum goes to 0 as n, m — oo (it is the rest of the series that defines the
real number el4l), the sequence (S,,),en is Cauchy in B(H), and therefore converges
to a bounded operator, that we define to be exp(A). In fact, this is exactly the way we
defined exp(A) via functional calculus and Theorem 1.30, as its proof and the proof of
Proposition 1.29 shows it. This way, we will also work with this explicit construction,
invoking the sequence of partial sums (S,)en.

”Sn - Sm” =

n
lAl*
= Z k!

k=m+1

(i1) On the other hand, note that the procedure exposed in (i) works in fact for any
bounded operator, not just self-adjoint ones, whereas Theorem 1.30 is restricted to
self-adjoint operators.

As for real numbers, we will write either exp(A) or e? for the exponential of A €

B(H).

One has the next properties for the exponential of an operator: for A, B € B(H), it
holds
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(1) e =Idg.
(i) (e?)* =e?.
(iii) If AB = BA, then e4*B = e/eB,
(iv) (ed) 1 =e™A.
V) [le?] < el

(i) is by definition, and (ii) follows from the continuity of the involution of B(H):

(eA)*:(nlgIgoi:—f)*:’}Eg(i k)* ’}EIC}OZ(A*)k_ A
k=0 '

(1v) 1s an immediate consequence of (i11) and (1), with B = —A, and (v) follows from the
submultiplicativity and the continuity of the norm:

nooAk n k
. A : IAI® 4
im ) G| = im0 T =

To establish (ii1), note first of all that as A and B commute, the binom Newton’s formula
holds:

A
le”ll =

n

(A+By"=> (Z)AkB”‘k

k=0
for all n € N. The proof is readily the same as for real numbers, and can be done by
induction on n € N for instance. Thus it follows that

- (S5

=0/ \j=0

= Al B/

& k Ai Bk—z
:;(;FUM)*)
Db
:Z%(A+B)k

k=0
:eA+B

as wished.

9 Actually, we also use in the line just below the fact that (A*)* = (A*)* forany A € B(H) and k € N,
as we proved earlier.
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Remark 1.40. Using Theorem 1.30 and Proposition 1.37, one can prove similar iden-
tities for bounded operators as the ones for real numbers. For instance, if a, f > 0 and
A € P(H), then A%F = A®AP_ Likewise, In(A%) = aIn(A), and A% = exp(aIn(A)).

1.5 Square roots and polar decomposition

The goal here is to introduce square roots of bounded operators. The definition is
exactly the same as for positive real numbers.

Definition 1.41. Let A € B(H).
A square root of A is a bounded operator B on H so that B2 = A.

When it exists, the square root of a bounded operator A is denoted VA or A/2.

A sufficient condition to guarantee the existence of a square root for an operator is
precisely, as for real numbers, to be positive.

Theorem 1.42. Let A € B(H) be positive.
Then A has a unique positive square root B. Moreover, if A is invertible, so is B.

Proof. Suppose that A is positive. Then o (A) C [0, o), and as in the proof of Corollary
1.32 we consider f € C(0(A)) defined by f(¢) = Vt, t € g(A). As already seen,
B = f(A) is self-adjoint and satisfies B2 = A. Moreover, B is positive by Corollary
1.36(1) and exactly as in Corollary 1.38 we establish that

V7 B(H) — B(H)*

is a bijection. In particular B is unique. Lastly, assume A is invertible. A commutes
with itself, so also with f(A) = B by (vi) of Theorem 1.30. Thus, by the same result, B
commutes also with A~ (since ¢ — % is indeed continuous on 0 (A) C (0, 0)). Hence
one has

B(AT'B)=A"'B?=A'A=1dy, (A'B) B=A"'B2=A"1A =1dy
and then B is invertible of inverse A~!B. This concludes the proof. O

Here also, the same remark as for the exponential applies: a more hand-by-hand
approach for building the square root of a positive operator A, followed for instance
in [12, theorem 4.6.14], consists in defining a sequence of polynomials in A and using
completeness. This is exactly what we did above, in the proof of Proposition 1.29 and
Theorem 1.30.

As promised, we can now complete Example 1.8(iv).
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Corollary 1.43. An operator P € B(H) is positive if and only there exists A €
B(H) so that P = A*A.

Proof. One direction is Example 1.8(iv). Conversely, if P is positive, let A := VP. Then
A* =P and A*A = VPVP = P. O

As for the exponential and the logarithm, we outline rules of computations with
square roots of bounded operators. They will be particularly useful in Chapter 3.

Corollary 1.44. Let A, B € B8(H)*. The following hold.
(i) If AB = BA, then VAB = VAVB.
(ii) If A is invertible, then VA is invertible and (VA) " = VAT,

i) ||VA|| = vIAll.

Proof. (i) If AB = BA, applying twice Theorem 1.30(vi) shows that VA commutes with
VB. Now we observe that

(VAVB)? = VAVBVAVB = VAVAVBVB = AB
meaning that VAVB is a square root of AB. The uniqueness part of Theorem 1.42 now

forces to have VAB = \/Z\/E, as announced.

(i) The invertibility of VA has already been derived in Theorem 1.42, and an explicit
formula for its inverse can be found with point (i) of the present corollary (that we may
apply since A commutes with its inverse):

VA-TVA = VA-1A = \1dy = Idgr = VAA-T = VAVAT.

The uniqueness of the inverse of an operator now ensures (\/Z)_l = VAL

(111) is a consequence of the C*—identity in 8(H). Indeed, one has

[VAIF = INA(VA)'|| = [IVAVA]| = 114l
whence ||\/Z|| = IA]l. m]

Now we can introduce polar decompositions for bounded operators.

Definition 1.45. Let A € B(H).
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A polar decomposition of A is a factorization as
A=PU

where U is unitary and P is positive.
It turns out such a decomposition exists for any invertible operator.

Theorem 1.46. Let A € Aut(H). Then A has a unique polar decomposition.

Proof. As A is invertible, so are A* and AA*. Moreover, AA™ is positive (by Example
1.8(1v)), so it has a square root. Set P := VAA*, which is invertible by Theorem 1.42,
and U := P~'A. Then P is positive and A = PU. Additionally, we have

UU* = P—IAA*(P—I)* — (AA*)—I/ZAA*(AA*)—I/Q — qu{

and likewise
U'U=A"P )P 1A=A"(AA") 1A =1dy.

Thus U is unitary, and this proves the existence of a polar decomposition. For the
uniqueness part, suppose that A = PU = P'U’ with P, P’ positive and U, U’ € U(H).
Then we have

AA* = PUU*P* = P%, AA* = P'U'(U)*(P")* = (P)?

so P and P’ are both positive square roots of the positive operator AA*. The uniqueness
part of Theorem 1.42 then forces P’ = P, and thus also

U'=(P)'A=P'A=U.

This concludes the proof. O

1.6 The weak operator topology on B(H)

Let us start the discussion on topologies for 8(H) with the next lemma.

Lemma 1.47. Let A € B(H).
The maps X +— AX, X +— XA are continuous from (B(H), 7)) to

(B(H), 7))-
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Proof. Fix A € B(H). We show the continuity of X +—— AX, the other one is very
similar. If A = 0, the claim is obvious, so we may suppose that A # 0. Using Theorem
A.o,let € > 0, and set § := m >0.IfX,Y € B(H) are so that || X - Y|| < J, then

IAX — AY || < |[AIX =Y < ||A]|6 = ¢
and the conclusion follows. m|

As mentioned earlier, a norm || - || on a vector space X provides a metric dx, and
this metric provides thus the structure of a topological space to X. In general, the
topology obtained in this way has many open sets, and it is harder to show convergence
of sequences, or to get compact sets. However, as seen in Appendix A, compactness
for metrisable spaces is equivalent to sequential compactness, and we want to take
advantage of this to establish existence of objects with special properties (by extracting
a convergent subsequence of a well-chosen sequence generally).

The goal of this subsection is to introduce a new topology on the space B(H ), which
is smaller than the norm topology 7.

This topology is called the weak operator topology, is denoted 7,,, and is the initial
topology on B(H) generated by the family of linear functionals

Fi={wyy: B(H) — C|u,veH}
where

Wyy: B(H) — C
A +— (Au,v).

In other words, 7, is the topology generated by the subbasis
By = {w;,lv(U) cu,veH, UcCopen}

and, in particular, sets of the form

V(Asuq,v1,u9,02,...,Up, Up, €) ={B € B(H) : |[{(A-B)u;,vi)| <e,i=1,...,n}
are a basis of neighbourhoods for A in 7,,. Furthermore, by Proposition A.39, a se-
quence (A,),en converges to A € B(H) in 1, if and only if w, ,(A,) — w,,(A) as
n — oo, for all u,v € H, i.e. if and only if

(Aju,v) — (Au,v)

asn — oo, for all u,v € H. In this case we say that (A,),cn converges weakly to A.

Let us note the following.

Lemma 1.48. The weak operator topology is smaller than the norm topology.

52



Master thesis 1.6 The weak operator topology on B(H)

Proof. LetU € 1,,and fix A € U. As U is weakly open, there exists u1,v1,...,un, U, €
H and € > 0 so that

n

ﬂ{B € B(H) : [{(A - B)u;,v;)| <e} cU.

1=1

Let then §; := ——5—— >0foralli=1,...,n and § := min(d4,...,d,) > 0.

= 1ol

By the Cauchy-Schwarz inequality, if B € B(H) is so that |A — B|| < §, then

[((A = B)u;,v)| < [|A = Blfllwll]v:]]
< O lwillllvill
< Gillul[llvll
__Ellulllvd]l
L+ [Juil[]vs
< €&

foralli =1,...,n, whence the inclusion
{BeB(H):||A-B| <0} c{BeB(H):|{(A-B)u;,v;)| < &}
foralli =1,...,n. Thus it follows that
{BeB(H):||A-B| <d} C ﬂ{B € B(H) : |[{(A-B)u;,v;)| <eycU
i=1

and hence U is a neighbourhood of any of its elements in the norm topology. It is
therefore in 7). This concludes our proof. O

For the weak operator topology, left and right multiplication by a bounded operator
remain continuous maps.

Lemma 1.49. Let A € B(H).
The maps X +—— AX, X —— XA are continuous from (B(H), 7,,) to (B(H), 1,).

Proof. Let ¢ be the map sending X € B(H) to AX € B(H). As 1, is an initial
topology, we can use Proposition A.38 to prove that ¢ is continuous. It is therefore
enough to prove that the composition w, , o ¢: B(H) — C is continuous, for any
fixed pair of vectors u,v € H. Let then u,v € H, and observe that

(wu,v © QD)(X) = wu,v(AX) = <AXu7 U> = <Xu’A*U> = wu,A*v(X)

for all X € B(H). Hence w,, o ¢ = wy o+ which is continuous by definition of 7,,.
Thus ¢ is continuous.
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If ¥ is the map sending X € B(H) to XA € B(H), the same reasoning applies,
observing this time that

(wu,v © W)(X) = <XAu> U> = wAu,v(X)

for all X € B(H). Thus w,, o ¥ = way, for any u,v € H, which is continuous by
definition of 7,,. We conclude that ¥ is continuous, and the lemma is established. O

As already mentioned, 7,, has less open sets than 7). However it still has enough
open sets to separate points.

Lemma 1.50. The weak operator topology on 8(H) is Hausdorff.

Proof. We start by proving that the family ¥ separates points, in the sense that if
A # Bin B(H), there exists u,v € H so that w,,(A) # w,,(B). If A # B, then
A-B # 0, and Lemma 1.3 thus ensures that there is u, v € H so that ((A—B)u,v) # 0.
This inner product being non-zero exactly means w,, ,(A) # w, ,(B), as claimed. Now,
if A # B € B(H), we pick u,v € H so that w, ,(A) # w,,(B), and as C is Hausdorff,
there exists two open sets Uy, Uy C C with

Ul N U2 = 07 wu,v(A) € U17 wu,v(B) € U2-

It follows that w;ﬁ,(Ul), a);’lv(Uz) are disjoint, and weakly open by definition of 7.

Moreover A € w;,lv(Ul) and B € a);,lv(Uz). Hence 7, is Hausdorff, and the proof is
complete. ]

In particular, this guarantees uniqueness of limit for weakly convergent sequences
(Proposition A.24).

In fact, the weak operator topology is induced by a metric on bounded parts of

B(H).

Theorem 1.51. The weak operator topology is metrisable on bounded subsets of

B(H).

Proof. Here we only indicate the metric to consider, we check it is a metric, and we
provide additional references to complete the details.

Let (e,)nen be an orthonormal basis of H, and define a map d: B(H) x B(H) —
[0, ) by
1
d(A,B) = ) oo l((A-Blem,ey)l

n,meN

for any A, B € B(H). The first step to prove is that d is a well-defined metric on B(H).
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First of all, note that if A, B € 8(H), the Cauchy-Schwarz inequality provides

1 1 1
[{(A = B)ep,en)| < |A = Bllllemllllexll =

|A - Bl

2n+m 2n+m 2n+m

1
and Z < o0, whence d(A, B) is finite, and positive.

2n+m
n,meN

Also, d(A,A) = 0 for any A € B(H). Conversely, if d(A, B) = 0 for some A,B €
B(H), then
((A-B)ep,en) =0

for all n, m € N. Thus A and B agree™ on each e,,, n € N, and by linearity they agree
on Vect((e,)nen). Since this subspace is dense in H (as (e,)nen 18 an orthonormal
basis), A and B must agree on H, so A = B.

The symmetry of d is obvious from the definition, and if A, B,C € B(H), then

AA,0) = Y (A= Clem,en)
n,meN
< 3% (1A= Bremen)| + (B~ Chemsx))
1 1
= n;N S| (A = B)ew, en) +n;N s (B = Cem, )|

= d(A,B) +d(B,C)

which shows the triangle inequality. Thus d is a metric on B(H).
For the rest of the proof, we refer to [6, proposition 9.1.3]. O

On the other hand, the next result guarantees we have sufficiently reduced the
number of open sets to attain compactness.

Theorem 1.52. Let A € B(H). The closed norm ball
Bh_”(A, e)={BeB(H):||A-BJ| < ¢}

is weak operator compact.

Proof. Here also we only sketch the main idea of the proof, and we provide references
for the missing details.

(9Indeed, the fact that ((A — B)e,, e,) = 0 for all n, m € N precisely means that, for a fixed m € N,
(A — B)e,, is orthogonal to e,, and thus by linearity to Vect((e,),en). Since this space is dense in H,
its orthogonal is reduced to 0, so (A — B)e,, = 0 for any fixed m € N.

55



Master thesis 1.6 The weak operator topology on B(H)

It is enough to prove the theorem for A = 0. Fix £ > 0, and for u,v € H, consider
Dyy:={z € C: |z] < ¢|lulll[v]l}

which is a compact subset of C. Note that (Bu,v) € D, , if B € Bh_” (0, £). We can then
define

u,veH
B r— ((Bu, v>)u,v€(H-

The map a is injective, because if a(B1) = a(Bg), then (Biu,v) = (Bou,v) for all
u,v € H, whence B; = By by Lemma 1.3. Next, we claim that a is continuous. To
prove this, Proposition A.4o0 tells us it is enough to check the continuity of

. ’
Typoa: B||.||(O; £) — D,,

where 7, , is the natural projection. Now Theorem A.28 (that applies since the weak
operator topology is metrisable on a bounded ball) ensures it is enough to check the
sequential continuity of this map. Take then (A,),cn a weakly convergent sequence
in Bil_”(O, €), and denote A its weak limit. This means that (A,u,v) — (Au,v) as
n — oo, which says exactly that

(Tup 0 @)(An) — (Tup © @)(A)

as n — oo. Thus a is continuous. It is then a continuous bijective map onto its range.
From there, one can show that its inverse is also continuous, and that its image is
closed in [], , D,,. As the latter is compact by Tychonoff's theorem (see Appendix A),
the image of a is compact, and Theorem A.34 ensures then that BIHI (0, €) is compact

for the weak operator topology. See [21, theorem 5.1.3] for further details. |
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2. The cone P(H)

This chapter is devoted to the study of the subset of positive invertible linear opera-
tors on a Hilbert space. We turn this set into a metric space, and we describe geodesics
for the corresponding distance. We define an isometric action of Aut(7{) on this met-
ric space that preserves those geodesics. We establish the Lowner-Heinz inequality,
and we derive numerous operator inequalities, in particular the Corach-Porta-Recht
inequality and the Cordes inequality, following and completing the exposition of [18].
We show a convexity inequality for the distance between two geodesics.

2.1 A metric structure on P(H)

As before, fix a complex separable Hilbert space 7.

First of all, observe that () is not a vector subspace of B(H), because the zero
operator is not invertible. Also it is not closed under arbitrary linear combinations
or scalar multiplications: for instance —A ¢ P(H) if A € P(H). Nevertheless, it is
closed for multiplication by strictly positive scalars and for the sum.

Lemma 2.1. Let A,B € P(H), 1 > 0. Then 1A, A+ B € P(H).

Proof. If A € P(H) and 1 > 0, then
(AA)u,u) = A{Au,u) >0

for any u € H, and 1A is invertible of inverse %A‘l. This shows that 1A € P(H).
Now let A, B € P(H). Then

((A+B)u,u) = (Au,u) + (Bu,u) > 0

for any u € H, so A + B is positive. Moreover, as A, B are invertible, Corollary 1.23
gives the existence of €1, £9 > 0 so that

<Au7u> 2 81||LL||2, <Bu7 u> > €2||LL||2
for all u € H. It is now enough to note that
((A+B)u,u) > (&1 +£2)|lul

for all u € H to conclude that A + B is invertible, again by Corollary 1.23. Henceforth,
A+BeP(H). |

Being closed for the sum and for the multiplication by strictly positive scalars, we
say that P(H) is a cone inside B(H).
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Master thesis 2.1 A metric structure on P(H)

This cone can be endowed with a metric structure, defining the map

d: P(H) X P(H) — [0, )
(A, B) — || In(A"Y2BA™Y2)|.

Before proving d is indeed a metric, we recall the basics from the theory of group
actions.

Definition 2.2. Let X be a set, and G be a group.
An action of G on X, denoted G ~ X, is a map

GxX — X
(g,x) — g-x

sothateg-x =xforanyx € X and (gh)-x =g-(h-x) foranyx € X and g,h € G.

When a group G acts on a set X, we call X a G—space.

Equivalently, a group action is a group homomorphism G — S(X), where S(X)
is the group of bijections on X, equipped with the composition of applications.

We call a group action G ~ X transitive if for any x,y € X, there is g € G so that
y = g - x, and we call it faithful if for every g € G, g # eg, there exists x € X so that
g-x Fx.

For a group action G ~ X, we write O, for the orbit of x € X, defined as
O, ={yeX:y=g- xfor some g € G}
while Stab(x) stands for the stabilizer of x € X:
Stab(x) :={g € G:g -x=x}.
For x € X, the map

Qr: G — Oy

is well-defined, surjective, and if g, A € G are so that g~1h € Stab(x), then (g7'h) -x =
x,80h-x = g-x, and thus ¢,(g) = ¢ (h). Therefore, ¢, passes to quotient and induces
a bijection of sets

G/Stab(x) — O,.

Lastly, we denote X the set of G—fixed points in X, i.e.
X%:={xeX:Vgeq, g-x=x}.
If (X, dx) is a G—metric space, we say G acts by isometries on X if
dx(g-x,8-y) =dx(x,y)
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Master thesis 2.1 A metric structure on P(H)

for all g € G and all x,y € X. This is the same as requiring that the associated
homomorphism has image contained in Isom(X) c S(X), where the latter stands for
the subgroup of S(X) consisting of isometries of X.

A group action G ~ X is said to be continuous if for any g € G the map X — X,
x — g - x is continuous with respect to the topology induced by dx. Note that since
x —> g - x is a bijection for any g € G, whose inverse is x — g~ ! - x, a group action
G ~ X is continuous if and only if x — g - x is a homeomorphism, for any g € G.

Let us now go back to positive invertible operators. We define an action of Aut(H)
on P(H) by

Aut(H) X P(H) — P(H)
(A,P) — A- P := APA".

If A is invertible and P is positive, then
(APA"u,u) = (PA"u,A*u) > 0

for any u € H, so APA* is positive. It is also an invertible operator as a product of
invertible operators. The above map is thus well-defined. It is in fact a group action,
since Idg - P = Idg/P1d}, = P for any P € P(H), and

(AB) - P = (AB)P(AB)* = A(BPB*)A*=A- (B - P).

forall A, B € Aut(H), P € P(H).
Here are two important properties of this action.

Lemma 2.3. The action Aut(H) ~ P(H) is transitive and continuous.

Proof. For the transitivity, it is enough to prove that we can go from Id¢; € P(H) to
any other P € P (H) by the action of an element of Aut(#). Fix sucha P € P(H). Let

A := VP, which is invertible by Theorem 1.42 since P is invertible. Since the square
root of a positive operator is self-adjoint, we get

A-1dy = AA*=VPVP =P

establishing the transitivity. Let now A € Aut(/). The continuity of P — APA*
follows from Lemma 1.47 and the fact that the composition of continuous maps is a
continuous map (Example A.4G1v)). O

Let us then deduce another model for the set P (H).

Corollary 2.4. There is a bijection of sets

Aut(H) /U(H) = P(H).
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Proof. Since Aut(H) ~ P(H) is transitive, any two positive invertible operators are
in the same orbit. We can then choose our favorite basepoint, namely Id4, and as
shown above there is a bijection of sets

Aut(H)/Stab(Idg) — P(H).

Now Stab(Idg/) = {B € Aut(‘H) : BB* = Id}, and since B is invertible, the condition
BB* = Id¢ also implies B*B = Idy,, as seen right after Proposition 1.9. Henceforth,
Stab(Idg) = U(H), and we are done. O

In the simple case where one of the operators is the identity Id¢;, we can compute
the distance explicitly.

Lemma 2.5. Let A € P(H). Then

d(Idgr, A) = || In(A)|| = max(In([|Al]), In(lA7H]])).

Proof. By Theorem 1.30(i), one has

I In(A)]| = [[1n [[c(s(a))
= max |In(A)|
Aea(A)

= max (ln ( max /1), —In ( min /1))
Aea(A) Aeo(A)

= max (ln(llAll), —In (”A—l_ln))
= max(In(]|A|), In(|A™Y]))

where, for the fourth equality, we used Corollary 1.25(i1) and Theorem 1.35 to get

1 1
Al =rA™ = = _ :
JATI=r(d™) = max, #= % 1= min 4
Aea(A)
This concludes the proof of the lemma. |

Here is the main result of this subsection.

Proposition 2.6. The map d is a metric on P (H). Moreover, Aut(H) acts by
isometries on (P (H),d).

Proof. We start by proving the second claim. Let A € Aut(H), B € P(H). By Theorem
1.46, A has a polar decomposition A = PU with P positive and U € U(H). We then
compute that

d(A-Idy,A-B) =d(AA", ABA")
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Master thesis 2.1 A metric structure on P(H)

= d(PUU*P*,PUBU*P)
= d(P?,PUBU"P)

= | In(P~1PUBU*PPY)||
= [ In(UBU")||

= [UIn(B)U"||

= || In(B)||

= d(Id¢, B)

where the third equality relies on the fact that U is unitary and P is self-adjoint.
The fourth is the definition of d, the sixth is Remark 1.31, and the seventh also uses
U € U(H)™. This computation allows us to handle the general case. Let now B, C €
P(H). Write S := B2 and T := 871 . C = S71CS™1, to get

d(A-B,A-C)=d(A-(S-Idy),A-(S-T))
=d((AS) - Idg, (AS) - T)
=d(Id,T)
=d(S -1dy,S-T)
=d(B,C)
using that Aut(H) ~ P(H) is an action for the second equality, and the previous

computation for the third and fourth equality. Hence the action of Aut(H) preserves
the map d®2.

Now we turn to show that d is indeed a metric. The idea is to check directly prop-
erties of a metric in the special case where one of the operators is the identity, and
then handle the general case using invariance of d under the action of Aut(H). For
instance, if A € P(H), it follows from Lemma 2.5 that

d(Idg, A) = | In(A) || = [ In(A™Y|| = | In(A21de A7Y2)|| = d(A, Tdg)
and if in addition B € P (H), we can write

d(A, B) = d(1dgy,A"'/2 . B)
=d(A™YV2.B,1dy)
=d(AY2. (A7Y2.B),AY? . 1dy)
= d(B, A)

which means that d is symmetric.

In fact, we use here that if U € U(H) and A € B(H), then |[UA|| = ||A||. Indeed, as U is unitary
one has ||U|| = ||[U!|| = 1 (as a direct consequence of Proposition 1.9) and by submultiplicativity it
holds that ||[UA| < ||U|IAll = ||A|l. Additionally, ||A|| = [UTUA| < (U Y|UA| = |[UA||. Hence
[|UA| = ||A|| as claimed.

(2)Note that strictly speaking, we cannot say it is an action by isometries at this point, because we
did not prove that d is a metric yet.
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Master thesis 2.2 Geodesicsin P(H)

For the triangle inequality, fix A, B € P(H), and observe that

d(A,B) = || In(A"Y2BA712))|
= max(In(||A"Y*B7'A'?||), In(|A"2BAT?|)))
< max(In(J[ A2 B~ |AY2]]), In(|| A2 B[]l A7)
= max(In(||A|[|B~M), In(|IA~*[|[|BI)))
= max(In(||A[l) + In(||B]), In(|A™])) + In(||BI]))

< max(In(||A)), In(|A7*[))) + max(In(||B]}), In(||B~*{]))

= I In(A) || + || In(B)]|

= d(A, qu.{) + d(Id«H, B)
using definition of d for the first and last equality. The second and the fifth one follows
from Lemma 2.5, while the third one is an application of the formula ||S?| = ||S||?
for self-adjoint operators (Proposition 1.5(iv)). The first inequality follows from the

submultiplicativity of the norm. This computation implies the triangle inequality for
arbitrary operators A, B,C € P(H), as

d(A,C) =d(B™Y2.4,B7Y2.0)
<d(BY2.A,1dy) + d(1dgy, B2 - C)
= d(A,B) +d(B,C)

using twice that d is invariant under the action of Aut(), and the above computation
to get the upper bound.

Finally, in the case of a distance equal to 0, we have
d(A4,B) =0 & ||In(A"/2BA™12)|| = 0
— In(A2BA™1?) =0
= ATV2BATI? = 1dy
< A=B.

Here the third equivalence relies on In: P(H) — S(H) being a bijection. We con-
clude that d is a metric on P (H), and that Aut() acts by isometries on (P(H),d). O

2.2 Geodesics in P(H)

Once we defined a distance on a set, one can ask whether two distinct points of the
set can always be joined by a path compatible with this distance. Such paths are called
geodesics, and this part aims at proving that (P (H), d) is a geodesic metric space.

More precisely, if (X, dx) is a metric space and x, y € X, a geodesic betweenx,y € X
is an isometric map o: I — X, where I = [a, b] C R is an interval, i.e. a map so that

dx(o(t),0(¥)) = |t - ¢ (3)
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for any ¢,¢’ € I, and so that o(a) = x, 0(b) = y. We do not require o to be surjective,
whence the term "isometric map" rather than "isometry". Note that preserving the
distance forces to have |b — a| = dx(x, y), and up to pre-composing with a translation,
we may assume a = 0 and b = dx(x,y). Lastly, it will be convenient to rescale I =
[0,dx(x,y)] to the unit interval [0, 1], which turns condition (3) above in

dx(o(t),o(t)) =dx(x,y)|t' —¢t|, V¢, ¢’ € [0,1].

To sum up, a geodesic between x,y € X is an isometric map between the unit inter-
val equipped with the euclidean distance multiplied by dx (x,y) and the metric space
(X,dx).

We say that X is a geodesic metric space if there exists a geodesic between x and y
for any pair of points x,y € X. Moreover, X is uniquely geodesic if there is a unique
geodesic between x and y, for any x,y € X.

Example 2.7. A normed space (X, || - ||) is a metric space for the natural distance
dx(x,y) := |[|x — y||, x,y € X. It is furthermore a geodesic metric space, as for any
x,y € X the map

c:[0,1] - X
t— (1-t)x+ty

1s a geodesic between x and y, because 0(0) = x, 0(1) =y, and

dx(a(8),0(t)) = o (&) o @)
=11 =)x+1'y - (1-t)x -ty
=t =) (x -y
= |t' = t|dx (x, )

for all t,# € [0,1]. Additionally, X is uniquely geodesic if and only if its unit ball
is strictly convex, in the sense that ||(1 — ¢)y1 + ty2]| < 1 for all distinct unit vectors
y1,y2 € X and ¢ € (0,1). To see this, note that if [x, y] denotes the geodesic segment
between x and y we have just built, then X is uniquely geodesic if and only if for any
x,x,y € X,x ¢ [x,y] = dx(x,y) < dx(x,x") + dx(«’,y). Letting x1 = x’ — «x,
x9 :=y — x’, the last condition is equivalent to ||x1 + x2|| < ||x1]|| + ||x2|| whenever x1, xo
are linearly independent. Let then x1, xo € X be linearly independent, and observe
that

X1 X2
w1ty = (el + ”"2”)(||x1|| Tl | Tl + ||x2||)
:(||x1||+||x2||)( o el xz)
Fexll + ol Tl el + ol el

= (lloeall + [lx2lD (1 = 2)y1 + 2y2)

[|2c2 ] X1 X2 .
where ¢t := — 21— € (0,1) and y{ := — := —2- are unit vectors. Thus ||x1 +x9|| <
Ty € (0:1) Y1 = a7 Y2 = Tl [l2c1 +2x2]|

[[x1]] + ||x2]|| if and only if ||(1 — ¢)y1 + ty2]| < 1 for every ¢ € (0,1) and unit vectors
y1,y2 € X, i.e. the unit ball of X is strictly convex.
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Master thesis 2.2 Geodesicsin P(H)

From this result, it follows that R” equipped with the euclidean norm || - ||2 (and
thus the associated euclidean distance ds) is uniquely geodesic. However, if we choose
rather the norm || - ||; or || - ||, defined as

n
1Gen, )l i= D ey G, s %) [l = max(fal, .., [ ])
k=1
for (x1,...,x,) € R”, the metric spaces (R",d;), (R",d) are not uniquely geodesic,

as their unit balls are not strictly convex (cf. Figure 1).

AN N
N N

Figure 1: Unit balls in (R2,d;), (R?,ds) and (R?,ds)

For instance, in (R2,d.,), the two maps o1, 02: [0,1] — R? defined as

(t,¢) if0 <¢

o1(t) = (¢,0), o9(¢) = {(t 1-¢t) ifs<t

are both geodesics between (0, 0) and (1, 0).
For us, the most important example of geodesic metric space will be (P(H),d).
Lemma 2.8. Let A, B € P(H). The map

t —> A1/2 (A—I/QBA—1/2)tA1/2

is a geodesic between A and B. Moreover, the action of Aut(H) on P (H) pre-
serves those geodesics, i.e.

0(A-B,A-C,t)=A-0(B,C,t)
for any A € Aut(H), B,C € P(H) and t € [0, 1].

Proof. First of all, note that A"Y/2BA~1/2 = A=1/2. B e P(H) if A, B € P(H). Hence
(A"Y2BA7Y2) ¢ P(H)
for any ¢ € [0, 1], by Corollary 1.36, and thus
AI/Q(A—I/ZBA—I/Q)tAl/Z — A1/2 . (A—I/QBA—1/2)t c 7)(7_{)
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as well. Hence o (A, B, ) is well-defined. We also have o(A, B,0) = A/21d A2 = A
and
0(A,B,1) = AYV2(A"Y2BAY2)AV2 = B,

Now, if ¢, ¢ € [0, 1], we compute that

d(o(A, B, 1), 0(A, B, ') = d(AV2(AV2BA2) A2 A12(A1/2BAT1/2)Y A1/2)
(A1/2 ( A 2BA- 1/2) Al/2 . (A‘I/ZBA‘l/Z)t/)

_ d((A 1/2gA- 1/2) ,(A‘l/zBA‘l/Z)t/)

_ ” In ((A—l/ZBA—l/Z)—t/2 (A—l/zBA—l/z)t’ (A—1/2BA—1/2)—t/2)”
= [in ((a712BA2)7)|

= |(¢' - t) In(A"Y2BAV))
= |t' - t|d(A, B)

Q..

using the fact that Aut() acts by isometries on P (H) for the third equality. The
fifth and the sixth relies on Remark 1.40, and the seventh uses the definition of d.
This proves that 0(A, B, -) is a geodesic between A and B.

We now turn our attention to the second claim. Fix A € Aut(H), B € P(H).
Write A = PU as in Theorem 1.46, with P positive and U unitary. Noticing that
AA* = PUU*P* = P?, we have

o(A-Tdy, A B,t) = 0(AA*, ABA*,t)
_ (AA*)1/2((AA*)_I/zABA*(AA*)_1/2)t(AA*)_1/2
= P(P"'PUBU'P'PY)'P
= P(UBUY'P
= PUB'U*P*
= AB'A*
=A-o(Ildy, B,t).
for any t € [0, 1]. Here the fifth equality is Remark 1.31, and others use constantly
that P is self-adjoint and U is unitary. If now B,C € P(H) and A € Aut(‘H), we use

this computation to generalize, in the same spirit as for Proposition 2.6: set S := B1/2
and T :=S71.C =8S71CS!L. It follows that

0(A-B,A-C,t)=0((AS) - Idg, (AS) - T, t)
(AS) - o(Idyy, T, t)
=A-(S-0(dy,T,t))
=A-0(S-Idy,S-T,t)
=A-0(B,C,t)

for any ¢ € [0, 1], establishing the desired claim and completing the proof. O
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Master thesis 2.3 The Lowner-Heinz inequality

Unless stated otherwise, in the sequel the words "the geodesic between A and B"
with A, B € P(H) always refer to the geodesic provided by Lemma 2.8.

Let us close this subsection introducing another terminology.

Definition 2.9. Let X be a geodesic metric space. For any x,y € X, fix a geodesic
o(x,y,-): [0,1] — X between x and y.
A C X is called metrically convex if o(x,y,t) € A for any x,y € A and ¢t € [0, 1].

2.3 The Lowner-Heinz inequality

Given four operators A, B,C,D € P(H), the maps
U(Aa B9 ')a 0(C9D’ ) : [Oa 1] - P(?‘{)

are geodesics connecting A to B and C to D respectively, and we now wonder how
behaves the distance between two geodesics with respect to the distance between A
and C, and B and D. In a next part, we will establish a convexity inequality for the

function
[07 1] — [09 00)7 t— d(U(A, 37 t)7 O-(CyDy t))

The proof will require several operator inequalities. In this part, we state and establish
the first one of those, called the Lowner-Heinz inequality.

First, let us precise in which way we compare bounded operators.

Definition 2.10. Let A, B € B(H) be self-adjoint.
We say that A is smaller than B, or B is larger than A, if B — A is positive.

If A is smaller than B, we write A < B or B > A. With this notation, A € B(H) is
positive if A > 0.

The relation < is a partial, but not total, order on the class of self-adjoint operators
on H. Indeed, for A € S(H), the operator A — A = 0 is positive, so A < A. Also, if
A < B and B < C, the operator C — A = (C — B) + (B — A) is positive because it is the
sum of two positive operators (Lemma 2.1),s0 A < C. Finally,if A < Band B < A, we

have
(Au,u) = (Bu,u)

for any u € H, which provides ((A — B)u,u) = 0 for any u € H. Lemma 1.3 now
implies A - B=0,s0 A =B.

Moreover, this relation enjoys several useful properties for computations with pos-
itive operators.
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Proposition 2.11. Let A, B > 0, and C € S(H). The following properties hold.
(1) If A < B, then ||A|| < ||B|].
(1)) IfA < B,thenA+C < B+C.
(iii) If A < Band A > 0, then 1A < AB.
(iv) A < Idg if and only if ||A|| < 1.
(v) If A is invertible, A < Idg if and only if A~ > Idg,.

Proof. (1) By [6, theorem 2.2.13], [13, theorem 1.12] and the fact that A, B are positive,
their norms can be computed as

|A|l = sup (Au, u), ||B|| = sup (Bu, u).
flull=1 flull=1
By assumption, B > A so B = A + P where P is positive. For u € H with ||u|| = 1, we
then obtain (Bu,u) = (Au,u) + (Pu,u) > (Au,u) and thus

IBI| = ”SIﬁpl(Bu, u) 2 ”SI|Tp1<Au,u> = [lAll.

(1) Directly, (B +C) — (A + C) = B — A which is positive by assumption, whence the
claim.

(ii1) IfA < Band A1 > 0,thenB—A > 0,s0 A(B—A) > 0 by Lemma 2.1 (more precisely,
by the proof of 2.1, as A, B need not to be invertible here). Expanding the left-hand
side and using (i1) with C = 1A, one gets AB > 1A.

(v) If A < Idgy, (1) gives directly ||A|| < ||[Id4|| = 1. Conversely, assume that ||A|| < 1.
We have then

max A =r(A) =||A]| <1
Aeo(A)

and as A is positive it follows that 0(A) c [0,1]. Thus (A — Idg) C (—o0,0] by
Lemma 1.16, whence
o(Idyy —A)={-t:te€o(A-1dy)} C [0, ).

As Idg; — A 1is self-adjoint and has positive spectrum, we conclude from Corollary
1.32(i11) that Idg; — A is positive. Thus A < Idy and point (iv) is proved.
(v) Since X — X! is an involution on P (H) and Id;{l = Idy, it is enough to prove
that A < Idg implies A~ > Idg.

If A is invertible and A < Id¢y, then 0(A) c (0, 1], and Theorem 1.35 ensures that

g A H =11 1ea(A)) c[1,x).

It follows from Lemma 1.16 that 0 (A —Idy) = 0(A™1) -1 c [0, o), and additionally
A1 — 1dy is self-adjoint, as the difference of two self-adjoint operators. Hence we
conclude from Corollary 1.32(iii) that A= — Idy, is positive, as wished. O
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One must see in this result natural analogs of the properties that hold for positive
real numbers. However, some other properties may fail. For instance, it is not true
that for A € P(H), A > Idg if and only if ||A]| > 1. It is true that having A > Idyy
implies ||A|| > 1, but the converse does not hold. Consider for instance the operator

2 0
A—(o %)

on H = C2. It has norm larger than 1, but is not larger than Idcz, as one of its
eigenvalues is % < 1.

Additionally, some properties fail because operators do not necessarily commute,
unlike to real numbers. The next remark provides an example.

Remark 2.12. In general, it is not true that if A < B and C > 0, then AC < BC.
Consider for instance the operators

10 2 0 11
A=(o 0) 2=(6 5] o= (i)
on H = C2. The operator C is positive, because it is self-adjoint and its eigenvalues

are0and 2. AlsoB—-A=A>0,but (B-A)C = ((1) é) 1s not positive, since it is even

not self-adjoint.

However, and we will use this below, it is true that
A < B, C € Aut(H) = CAC* < CBC". (4)

Indeed, CBC* — CAC* =C(B - A)C* =C - (B — A) is the result of the action of C on
the positive operator B — A, and we proved above that such operators are positive. In
particular, if A, B > 0, A < B, and C € Aut(‘H), then

ICAC*|| < ICBC™||
combining (4) and Proposition 2.11(1).
The following fact will be useful in the proof of the Lowner-Heinz inequality.
Lemma 2.13. Let A € P(H). The map

[0,1] — B(H)

t— Al

1S continuous.
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Proof. If A =1d4, we are looking at a constant map, which is continuous by Example
A.4(i1). Suppose then A # Idg. In particular || In(A)|| = d(Idg, A) > 0. Fix € > 0, and
let 6 := WlA)”ln (1+ smmmy) > 0. Let ¢, ¢’ € [0, 1] be so that |¢' — | < 5. We have
”At _ At'” — “etln(A) _ et'ln(A)”
— ”etln(A) (Id(}{ _ e(t'—t) ln(A)) ”
< [le! 2| [Tdyy — -0 A
by submultiplicativity of the norm. The first factor is bounded by el ™l ag ¢ < 1. To

bound the second factor, we go through the definition of e!* " 1n4) a5 the limit of a
Cauchy sequence in B(H) (cf. Remark 1.39), and we obtain

o ’ k
_ w-nm@y _ || N (7 -¢)In(A))
Ty — e ||—H >, -
k=1
i ¢ — t1*][In(A)||*
e k!

_ Gl _ q

<

Hence ||A? — AY|| < ellm@ll(ele’=tlIn(AI _ 1) and the latter is strictly smaller than ¢
since |t — t| < 0. This concludes the proof. O

Another useful fact will be the density of the dyadic rational numbers into the real
numbers. We denote the set of dyadic rational numbers by Z [%] , and explicitly

1 a
Zbl:{gzaez,bef\l}.

They form a dense subset of R, as for any x € R, the sequence (L22n,fcJ )n cy lies in Z[%]

and converges to x € R.

We are now ready to establish the Lowner-Heinz inequality.

Theorem 2.14. Let A, B > 0. If A > B then A! > B! for any ¢ € [0, 1].

Proof. To start, suppose that A and B are invertible, and that the inequality holds
for some a,f € [0,1]. We show it holds for # as well. By hypothesis, B* < A¢,
so A%2B%*A~%/2 < Idg by Remark z.12. It follows that ||[A"*/2B®A~%/2|| < 1 by

Proposition 2.11(iv), whence

||Ba/2A—a/2”2 — ||(Ba/ZA—a/Z)*Ba/ZA—a/ZH — ”A—CK/QBLZA—CZ/Z” <1.
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using the C*—identity in 8(H) for the first equality and the self-adjointness of A~%/2
for the second. In particular, |[B%/2A4~%/2|| < 1. The same reasoning, using the as-
sumption Bf < AP yields ||[A"#/2BA/2|| < 1. Now,

A-(@B)/AR(a+f)/2 g~(@+B)/4 _ p—(a+B)/4 | pla+p)/2

is positive, so we get
|A-(@+B) /A Bla+h)/2 p~(a+B)/4)| = r(A—(a+ﬁ)/4B(a+ﬂ)/2A—(a+ﬁ)/4)

— r(A(a—ﬁ)/4A—(a+ﬁ)/4B(a+ﬁ)/2A—(a+ﬁ)/4A(ﬁ—Oé)/4)
_ r(A—ﬁ/2B(a+ﬁ)/2A—a/2)
< ||A—ﬁ/2B(a+ﬁ)/2A—a/2||
< [|AP/ZBP2|||| B2 A7)
<1

using Corollary 1.25(i1) for the first equality, Proposition 1.17 for the second one, and

Proposition 1.12 for the first inequality. Using once again Proposition 2.11(iv), we see
that

A-@BIAR@HH)2 g~@H)/4 < 1q,.,
or equivalently B(@+F)/2 < A(a+h)/2 a5 wanted.

Now A° > BY and A! > B! by assumption. Hence A2 > B1/2 by what we just
showed. But then also A4 > BY/4 and A%/* > B3/4. Continuing this process shows
that

A? > B?
for every d € Z[%] N [0,1].

We explain why this implies the result for all ¢ € [0, 1]. Consider X := {(S,T) €
B(H)x B(H) : S > T}. Since the map

w: B(H) x B(H) — B(H)
(A,B)— A—B

is continuous and since 8(7H)* is norm-closed™® in B(H), X is closed in B(H)xB(H),
as X =y 1(B(H)"). Let furthermore

@ap: [0,1] — B(H) x B(H)
t — (A", BY).

@3Indeed, if (Ap)nen C B(H)* converges in norm to A € B(H), then (A,)nen converges also weakly
to A, and thus
(Au,u) = im (A, u,u)
n—oo

forany u € H. As (A,u,u) > 0 for any u € H and n € N, we deduce that (Au,u) > 0 for any u € H.
Hence A € B(H)".
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The map @4 p is continuous by Proposition A.40, as if 771, 72 denote the natural projec-
tions on each factor of the product B(H) x B(H), the two composite 710¢4 B, T20PA B
are continuous by Lemma 2.13.

With these notations, our goal is to prove that

¢a([0,1]) C X.

Let then ¢ € [0, 1], and choose a sequence (d,),en C Z[%] N [0, 1] so that d,, — ¢ as
n — oo, which is possible by the density of Z [%] N [0,1] in [0, 1]. Henceforth, one has

(pA,B(t) = (pA,B(r}EIC}O dn) = ’}E}C}o (ﬂA,B(dn)

by continuity of ¢4 . By what we proved above, A% > B% for any n € N, ie.
pa(d,) € X forany n € N. Hence, ¢4 p(¢) is the limit of a sequence of elements of X,
and since X is closed in B(H) X B(H), we deduce @ p(t) € X. Thus pa p([0,1]) C X,
and this concludes the proof in the case where A and B are both invertible.

If now A > B > 0, without any assumption of invertibility, then
A+ eldy > B+ eldyy > eldy

for all £ > 0, invoking Proposition 2.11(i1). Corollary 1.23 now implies that A + £Idyy,
B + €ld4y are both invertible, so we may apply the first part of the proof to deduce

(A + eldy)! > (B + eldy)!

for any t € [0,1]. Letting ¢ — 0 yields A’ > B! for any ¢t € [0,1] and finishes the
proof. O

Remark 2.15. In general, Léwner-Heinz inequality is not true for ¢ > 1. Consider for
instance the two bounded operators on H = C? given by

2 1 10
A=) 2= 9)
The operator A—B = (i }) is positive, as seen in Remark 2.12, and B is also positive,

but
2 pz (5 3) (1 0)_ (43
A_B_(S 2) (0 0)_(3 2)

and one of the eigenvalues of this matrix is 3 — V10 < 0, so A2 > B2 does not hold.
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2.4 Further operator inequalities

In this part, we derive several consequences of the Lowner-Heinz inequality.
For A,B € P(H), we will write AA;B as a shorthand for the operator
A1/2 (A_1/2BA_1/2)tA1/2.

Observe that AA;B is exactly the image of ¢ € [0, 1] under the map o(A, B, ), the
geodesic we have built between A and B, in Lemma 2.8. Note also that with this
notation, one has AA;B™! = (A"'A;B) ! for all ¢ € [0, 1]. Indeed

AAtB_l — A1/2 (A—1/2B—1A—1/2)tA1/2
— A1/2 (AI/ZBAI/Z)_tA1/2
_ (A—1/2 (Al/ZBA1/2)tA—1/2)—1
= (A7'AB)L.
In particular, (AA,B)! = A"1A,B 1 for all ¢ € [0, 1].

We now turn to the proof of what is called the Jensen’s inequality for operators. In
this view, we will make use of the next useful lemma.

Lemma 2.16. Let A € P(H) and X € Aut(H). Then
(X*AX)t — X*A1/2(A1/2XX*A1/2)t—1A1/2X

for all ¢ € R. In particular, AA;B = BA1_;A for any ¢ € [0,1] and A, B € P(H).

Proof. As X and A/2 are both invertible, so is their product, and we can then con-
sider AY2X = PU the polar decomposition of A/2X, with P positive and U unitary,
according to Theorem 1.46. We have the identities

X*AY? = (AY2X)* = (PU)" = U'P, AY2XX*AY? = PUU"P = P?
so for all ¢ € R, we get
— (U*PPU)1+t
— U*P2(1+t)U
= U*PP*PU
— X*Al/z(A1/2XX*A1/2)tA1/2X

using Remark 1.31 for the third equality, because U* = U~!. This proves the first
statement, and in particular

(X NXAX) X! = AV (AV2X X AN2) AL
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for any A € P(H) and X € Aut(H).

Now, let A,B € P(H), ¢ € [0,1]. Applying the last equality with X = A~Y/2 it
follows that

BA;_ A = RBl/2 (B—l/zAB—l/z)l—tBl/z
— Bl/2 (BI/ZA—IBI/Z)t_lBl/Q
— Bl/2(Bl/2A_1/2A_1/2.Bl/2)t_lBl/z

— (A—I/Z)—l(A—1/2BA—1/2)t(A—1/2)—1
= AAtB

This finishes our proof. a

An operator X € B(H) is called a contraction if || X| < 1. Jensen’s inequality
states then the following.

Theorem 2.17. Let A € P(H) and X € Aut(H) be a contraction. Then
X*A'X < (X*AX)!

for any ¢ € [0, 1].

Proof. Since || X|| < 1, | XX*|| = || X||? < 1 as well, thus XX* < Idg, by Proposition
2.11(iv), that we may apply since XX* is positive. Moreover, as X is invertible so is
X X", and (v) of Proposition 2.11 now gives

Idy < (XX 1= (Xx"H1x1.

Using observation (4), right after Remark 2.12, we may act on both sides of this in-
equality with A~1/2 to get

A= ATV2g,, A7Y2 < ATV2(X)IXIAY2
and by the Lowner-Heinz inequality, one has then
(A—l)l—t < (A‘l/z(X*)‘lX_lA"1/2)1_t (5)
for all £ € [0, 1]. This implies that
(X*AX)! = X*Al/z(Al/zXX*Al/z)t—lAl/zX

— x*Al/2 (A—1/2(X*)—1X—1A—1/2)1—tA1/2X

> X*AY2(AH1tAY2X

=X"A'X

using Lemma 2.16 for the first equality, and again (4) combined with (5) to get the
lower bound. Thus we are done. O
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This inequality has also an analog for operators that are not contractions. The
price to pay is a multiplicative factor.

Corollary 2.18. Let A € P(H) and X € Aut(H). Then
X*AtX < ||X||2—2t(X*AX)t

for any ¢ € [0, 1].

Proof. It suffices to apply Theorem 2.17 with A € P(H) and X’ := ﬁ, which is an

invertible contraction. Re-arranging the obtained inequality with Proposition 2.11(ii1)
gives the conclusion. O

With this reformulation of Jensen’s inequality in our hands, we establish two ad-
ditional operator inequalities.

Lemma 2.19. Let A, B,C,D € P(H). The following inequalities hold.
(G) AAB < ||AY2C1/2)|2-2(C~1A,B) for any ¢ € [0, 1].
(i) CA.D < ||BY2D'Y2||2t(CA,B1) for any ¢ € [0, 1].

Proof. (i) By Corollary 2.18 with X = AY2C1/2, we have
/212 (A—l/zBA—l/z)tAl/zcl/z < ”A1/201/2”2—2t(01/2A1/2(A—1/2BA—1/2)A1/201/2)t
_ ||A1/2CI/2||2—2t(Cl/2BCI/2)t
for all ¢ € [0, 1], whence
AAB = C 120124172 (A—1/2BA—1/2)tA1/201/2C—1/2

< ||A1/201/2||2—2tc—1/2(Cl/chl/Z)tC—l/Z
— ”Al/ch/Z”Z—Zt(C—lAtB)

for any ¢ € [0, 1], using (4) once again to get the inequality. This establishes (i).
(i1) For all ¢ € [0, 1], one computes that

CAtD = DAl_tC
< ||Bl/2D1/2||2—2(1—t) (B_lAl_tC)
— ||B1/2D1/2||2t(CAtB_1)

using the second part of Lemma 2.16 for the first and third equality, and point (i) of
the present lemma for the second inequality. The proof is complete. O
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Here is the central operator inequality we will need to prove convexity of the dis-
tance between geodesics.

Theorem 2.20. Let A, B,C,D € P(H). Then
||(AAtB)1/2(CAtD)1/2|| < ”Al/zcl/z||1—t||Bl/2D1/2”t

for all ¢t € [0,1].

This result is usually known as the Corach-Porta-Recht inequality, from the au-
thors’ names of [7], who have studied in details the space $ (H) with tools from differ-
ential geometry in a series of papers in the g9o’s [7, 8, g].

Proof. Fixt € [0,1],and A, B,C,D € P(H). One computes that
lcan,B)*(ca.D) |
= ||(cA.D)*(AA,B)(CAD) 2|
< |[AV2c 2P ||(caD) Y2 (7 AB) (CAD) |
= ||[AM2Cc V2|7 (¢ a,B) Y2 (CAD) (CT A B) |
< ||A1/2Cl/2||2_2t||Bl/2D1/2||2t||(C_1AtB)1/2(CAtB_l)(C_lAtB)1/2||
_ ||A1/2C1/2||2—2t||Bl/2D1/2||2t||(C—lAtB)1/2(C—1AtB)—1(C—lAtB)l/ZH
_ ||A1/2Cl/2||2_2t||Bl/2D1/2||2t.

Above, the first equality is the C*—identity (Proposition 1.5(iv)). The two inequalities
follow from Lemma 2.19, coupled with the fact that ||CAC*|| < ||CBC*|| if A < B and
C € Aut(‘H) (as observed right after Remark 2.12 as well). The third equality is a
consequence of CA;B~1 = (C™1A,B)7!, as noted above. It remains to justify the second
equality. This is done with Corollary 1.25(ii), that we may apply since

(CAD)Y2(C*A,B)(CA,D)Y? and (C'A,B)Y2(CAD)(C~'A,B)'/?
are positive, and Proposition 1.17:
|(caD)2(c1AB)(CAD)Y?|| = r((CAD)Y*(C AB) (CAD)?)
r((cAD)Y2(Cc71AB)Y2(C71AB)V2(CA:D)?)
r((C7*AB)Y2(CA,D)(C1A,B)'?)
|( C'AB )1/2(CAtD)(C_1AtB)1/2”-

Henceforth, taking the square root in the estimate

||(AAtB)1/2(CAtD)1/2||2 < ||A1/201/2||2—2t||B1/2D1/2||2t
yields the announced inequality. This finishes our proof. O
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We deduce from this theorem the Cordes inequality, from the author’s name of [10].

Corollary 2.21. Let B,D € P(H). Then |B'D?|| < ||BD|| for all ¢ € [0, 1].

Proof. Fix B,D € P(H) and apply Theorem 2.20 with A = C = Id¢; and B?, D? to get
the conclusion. O

Thus, we showed that the Cordes inequality is a consequence of the Lowner-Heinz
inequality. It turns out the two inequalities are equivalent, and much more: they are
both equivalent to Jensen’s inequality, to Corach-Recht-Porta inequality, or to others a
priori weaker inequalities. The proof of Theorem 2.14 for instance shows that A’ > B!
for all ¢ € [0,1] if and only if AY2 > B2, when A > B > 0. See [10, 18, 19] for more
background on these results.

2.5 Convexity of the distance between geodesics

The next proposition is already proving the convexity inequality in a particular
case. We will explain below how this particular case allows to handle the general one.

Proposition 2.22. Let A, B € P(H). Then
d(A*, BY) < td(A, B)

for all ¢ € [0,1].

Proof. Let A, B € P(H). We distinguish two cases:
(@) |AYV2BTIAY?| < |A-Y2BAT2,
(i) [[A"Y2BA-Y2|| < ||AV2B-1AL2,

(i) Let us first assume that |[AY/2B"1AY2|| < ||[A"Y2BA~1/2|, and fix ¢ € [0, 1]. As
In: (0,00) — R is increasing and ¢ > 0, we have also

tIn(||[AY2B1AY?|) < ¢tIn(]|A"Y2BATY2)). (6)
Now, observe that

ln(”A—t/thA—t/z”) — ln(”A—t/2Bt/th/2A—t/2”)
—In (||A—t/2Bt/2||2)
<In ((||A—1/2B1/2”2)t)
=¢In(|A7*BY2|?)
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= tIn(|A™2BATY?))

using the C*—identity for the second and the fifth equality. The inequality follows from
Corollary 2.21 and the fact that In is increasing on (0, o). Exactly in the same way,
we have the inequality

In(||A"2B~*A"?|) < tIn(||AY2BTAM)). (7)
To conclude, we invoke Lemma 2.5 and write explicitly
d(A’, BY) = || In(A™*/?B*'A™?)|| = max(In(||A™**B'A™"/?|)), In(]| A"*B~* A"?|))).

Inside the maximum, the first quantity is bounded from above by ¢ In(||A~1/2BA~1/2|)),
and combining (6) and (7), so is the second quantity. Hence

d(AY, BY) = max(In(||A™/2B*A~"/2|)), In(||AY/2 Bt A/2|)))
< tIn(||A7Y2BA12))
= ¢t max(In(]]JA"Y2BAY2|)), In(]|AY2BTAY2))))
= ¢t|| In(A"2BA™Y/?)|
=td(A, B).

where the second equality follows from ||[AY/2B~1AY2|| < ||[A~1/2BA~1/2||. This proves
the proposition in the case (1).

(ii) Assume now that ||[A"Y2BA~1/2||
time, we have the opposite of (6):

IA

|AY2B-1AY2||, and let ¢ € [0,1]. This

IA

tIn(]]JA"Y2BAY2?||) < tIn(||AY2B71AY2))).
Hence, when writing
d(A’, BY) = max(In(||A™/*B'A™"?|)), In(||A"*B7 A"?|)))

this is now ¢ In(||A/2B~1A'/2||) that bounds simultaneously from above both quanti-
ties inside the maximum, whence

d(A!, B) < tIn(||AY2B*AY?|)) = td(A, B).
This establishes the result in case (i1), and we are done. O
We thus see that the inequality
| In(A7*2BA7?)|| < ¢||In(A™Y2BA™Y/2)|, t € [0,1], A, B € P(H)

is a consequence of the Cordes inequality. As showed in [1, theorem 1], the converse
holds as well, enlarging our list of equivalent operator inequalities.

We can now prove the convexity of the distance between two geodesics in P (H).
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Theorem 2.23. Let A, B,C,D € P(H). Then
d(o(A,B,t),0(C,D,t)) < (1-t)d(A,C) +td(B,D)

for all £ € [0, 1].

Proof. We start by showing the result in two particular cases: (i) if A = C and (11) if
B = D, and we will explain below why it implies the general case.

(i) Suppose that A = C. Since the action Aut(H) ~ P(H) is transitive (Lemma
2.3), preserves the metric d (Proposition 2.6) and the geodesics (Lemma 2.8), we may
assume that in fact A = C = Idg. In this case d(A,C) = d(A, A) = 0, and the geodesics
between A and B and C and D are o (Id¢, B, t) = B?, 0(Id, D, t) = D for all ¢ € [0, 1].
Thus we are left to prove that

d(B',D") < td(B, D)
for all ¢ € [0, 1]. This is the content of Proposition 2.22, so (1) is settled.
(i1) Now suppose that B = D. The inequality to show reduces to
d(o(A,B,t),0(C,D,t)) < (1-¢)d(A,C).

forall ¢ € [0,1]. By Lemma 2.16, 0(A,B,t) = o(B,A,1-t),0(C,B,t) =0(B,C,1-t)
for all ¢ € [0,1], and these two geodesics have the same starting point, so it follows
from case (1) that

d(o(A,B,t),o(C,B,t)) =d(o(B,A,1-t),0(B,C,1-t)) < (1-t)d(A,C)

for all £ € [0, 1], as desired. This proves the theorem in case (ii).

We now turn to the general case. Let A, B,C,D € P(H) and ¢t € [0, 1]. We consider
o(C, B, t) the geodesic between C and B (see Figure 2 below), and by the triangle
inequality we estimate

d(o(A,B,t),0(C,D,t)) <d(o(A,B,t),o(C,B,t)) +d(o(C,B,t),0(C,D,t)).

In the right-hand side, the first term is the distance between two geodesics that end
at the same point, so we may apply case (i1) above to get

d(o(A,B,t),0(C,B,t)) < (1-1t)d(A,C).

In the same way, 0(C, B, -) and 6 (C, D, -) are two geodesics starting at the same point,
so by case (1) it holds

d(o(C,B,t),0(C,D,t)) < td(B, D).
Putting these three estimates together, we conclude that

d(og(A,B,t),o(C,D,t)) <d(og(A,B,t),c(C,B,t))+d(c(C,B,t),o(C,D,t))
<(1-t)d(A,C) +td(B,D)

as announced. This finishes the proof of the theorem. O
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B
A

C
D

Figure 2: The idea in the proof of Theorem 2.23

Our proof of Theorem 2.23 is different from the one in [g], as it does not rely on
differential geometry, and of the one in [1], as in this paper we were unable to explain
one of the authors’ argument.

From the convexity inequality, we derive the next corollary.

Corollary 2.24. Metric balls in (P (H), d) are metrically convex.

Proof. Let A € P(H), and € > 0. Suppose that B,C € Bg(A,¢). Let t € [0,1]. By the
triangle inequality we have

d(o(B,C,t),A) <d(o(B,C,t),0(B,A,t)) +d(c(B,A,t),A).
Using Theorem 2.23, we get
d(o(B,C,t),0(B,A,t)) < (1-t)d(B,B) +td(C,A) =td(C,A) < te
for the first term, whereas
d(o(B,A,t),A) =d(o(B,A,t),0(B,A,1)) = (1-t)d(B,A) < (1 -t)e

using that o(B, A, ) is a geodesic and that B € By(A, ¢€). Putting these upper bounds
into the first inequality, it follows that

d(og(B,C,t),A) <te+(1—-t)e=¢

whence 0(B,C,t) € By(A,¢) for all ¢ € [0,1]. This completes the proof. O
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3. Unitarisability

In this part, we introduce unitarisability for groups. We show that finite and
amenable groups are unitarisable, and that non-abelian free groups are not unitaris-
able. We investigate properties of induced actions of the group on the cone P (H). We
prove Pisier’s theorem, and we obtain a geometric formulation of amenability for a

group.
As from the beginning, we fix H a complex separable Hilbert space.

3.1 The class of unitarisable groups

Let us first introduce representations of groups on Hilbert spaces.

Definition 3.1. Let G be a group.
A representation of G on H is a group morphism

m: G — Aut(H).

Equivalently, as observed right after Definition 2.2, a representation 7 of G on a
Hilbert space H is a group action G ~ ‘H.

The representation 7 is called unitary if 7(g) € U(H) for all g € G. It is called
unitarisable if there exists S € Aut(H) so that S™'7(g)S is unitary for all g € G, and
in this case S is called a unitariser for . The set of unitarisers for 7 is denoted U (7).

Lastly, 7 is said to be uniformly bounded if there exists a constant C > 0 so that
lz(g)|| < C, for all g € G. In this case, the smallest possible bound is denoted |7| and
is called the size of the representation 7. In fact

|7| = sup [|7(g)I].
ge@

Example 3.2. (i) Any group G has a trivial representation, given by

7: G— Aut(C) =C*
gr— 1.

It is obviously a unitary, unitarisable and uniformly bounded representation, with size
|| = 1.

(i1) If G is a subgroup of GL, (C) = Aut(C"), n > 1, the natural injection G — GL,(C)
is a representation of G.

(iii) Let G be a group, and H = ¢%(G). The regular representation of G is defined as

Ag: G — Aut(£%(@))
g +— Ag(g)
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where (1g(2)(f))(x) := f(g7'x), f € ¢%(G), x € G. This is not hard to check that A is
well-defined. To see it is a representation, we fix g,h € G, f € ¢%(G), and we compute

(Aa(gh)(£))(x) = f((gh) 'x)
=f(h g x)
= (Aa(h)(f))(g %)
= Ag(g)(Aa(h)(f))(x)

for all x € G, whence Ag(gh)(f) = Ag(g)Aq(h)(f), and this holds for all f € ¢%(G).
Thus Ag(gh) = Ag(g)Ag(h) for all g, h € G, proving that Ag is a representation of G.
Furthermore, if g € G and f € ¢%(G), one has

@) DIE= Y M@ @E =Y Ifg D= > IFmE =l

xeG xeG he@G

whence [|[1g(g)(f)ll2 = ||f|le. Thus Ag(g) is an isometry for any g € G. In particular,
Ac(g)*Ag(g) = Idg by Proposition 1.9(iv), and since Ag(g) is invertible, this last con-
dition implies that Ag(g) is unitary, for any g € G. Hence A is unitary, in particular
unitarisable and uniformly bounded.

(iv) If 7 and 7 are two representations of G on H, their direct sum 7 @ 7 is the repre-
sentation of G on H @ H defined by

Concretely, for g € G, (7 & 7)(g) is the linear operator on H & H defined as

(7 @ 7)(g)(u,v) = (n(gu,7(gv), u,v e H.

As 7(g) and 7(g) are both bounded, (7 ® 7)(g) is also bounded®¥, and since they are
both invertible, so is (7 & 7)(g), hence 7 @ 7: G — Aut(H & H) is well-defined.
Lastly, as 7 and 7 are group morphisms, we can compute

(m®7)(gh) = (”(gh) T(gh)) - (ﬂ%g) T(Og)) (ﬂg)h) T(Oh)) =(mene)z o))

for all g,h € G, whence 7 & 7 is indeed a representation of G. More generally, if
{nn: G — H, : n € N} is a family of representations of G, their direct sum is a

representation of G on @ ‘H,,, usually denoted @ 7,, defined by

neN neN

(@ ﬂn)(g)(un)neN = (”n(g)un)neN

neN

for all g € G and (u,)nen € @ﬂn

neN

(14935 proved in the beginning of Chapter 1.



Master thesis 3.1 The class of unitarisable groups

One has probably recognized in the regular representation of a group G the group
homomorphism corresponding to the natural action of G on ¢2(G), which is used to
define amenability via the Reiter property (R2) ([13, section 2.1], [27]). Thus, as dis-
cussed in Appendix B and in [13], a group G is amenable if and only if its regular
representation Ag has (S, £)—invariant vectors, for any S C G finite and € > 0.

Here goes a first connection between unitarisability and uniform boundedness.

Proposition 3.3. Let G be a group, and let 7 be a representation of G.
If 7 is unitarisable, then 7 is uniformly bounded.

Proof. By assumption, we find S € Aut(H) so that 7(g) := S™'n(g)S is a unitary
operator on H, for all g € G. Setting C := max(||S||, |[S7Y||), we get

I7(g)ull = 11S7(g)S™ ull < ISz IS~ llull < C*|lull

for all u € H. Thus ||7(g)|] < C? for any g € G, and 7 is uniformly bounded, as
wished. O

In fact this proof shows that if 7 is unitarisable and S € U(x), the quantity
ISII1IS~Y|| bounds ||z (g)]|| from above, for all g € G. In particular, || < ||S||[|S7!]|.

Definition g.4. For S € Aut(#), we call the real number
s(8) = |IS[IIIS~*|

the size of the operator S.
Here are the first basic properties of the size.

Proposition g.5. If S € Aut(H), then
@ s(S) > 1.
(ii) s(AS) = s(S) for all A € C \ {0}.
(i) s(S) = s(S*).
(iv) s(SS*) = s(S)2 and s(VSS*) = s(S).

Proof. As the operator norm is submultiplicative, we have 1 = ||Idy|| = ||ISS7!|| <
IS|I1IS71|| = s(S). Point (ii) follows from the computation

s(AS) = IASINAS) T = IAIISIAITHIS ™I = s(S)
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valid for any 1 € C \ {0}. Point (iii) is immediate as ||S*|| = ||S|| and (S*)~! = (S~1)*
(Proposition 1.5, Lemma 1.6), and for (iv) we compute

s(8)? = ISIPISTHI* = ISS*III(S™H*SHI = ISS™I(SS™) 7| = s(SS™)

using the C*—identity of 8(H). Likewise we have

s(VSS*) = |[VSS*||II(VSS*) |
= [|SS*[IV2]|(SS*) 1|2
= [ISlI(S™H s 712
= [ISIIIS~|
= 5(S)

using Corollary 1.44(iii) for the second equality, and again Proposition 1.5 for the third
and fourth equalities. This finishes the proof. ]

In a similar manner, for 7 a unitarisable representation of G, the set U () is also
invariant under scaling. Indeed if S € U(x) and A € C\ {0}, then

(AS)"'n(g)AS = S7'n(g)S

is unitary for all g € G since S unitarises 7. Thus AS € U(x).

The converse of Proposition 3.3 is not necessarily true. This motivates the next
terminology.

Definition 3.6. A group G is unitarisable if all its uniformly bounded represen-
tations are unitarisable.

An inner product (-, ‘)¢ on a Hilbert space H is called G—invariant if

(7(8)u, (o) = (u,v)n

for any u,v € H and g € G.

Note that the initial inner product (-,-) is G—invariant if and only if 7(g) is an
isometry for any g € G, and moreover since 7(g) is invertible, this is equivalent to
say that 7(g) is unitary for all g € G, i.e. 7 is unitary. Hence, as unitarisable rep-
resentations are equivalent to unitary representations, they should give rise to inner
products that are "equivalent” to (-, -). The next result makes this idea precise. Before
stating and proving it, let us outline an idea of general interest.

Remark 3.7. If X and Y are isomorphic C—vector spaces, via an isomorphism f: X —
Y, and that X carries a hermitian inner product (-, -)x, we can define a hermitian inner
product (-, -)y on Y, by the formula

1y2)y = F ), F 1 (2)x, y1,92 €Y.
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Indeed, the linearity of f~! and of (-, -)x in the first variable immediately implies that
(+, -)y 1s linear in the first variable, and additionally

o, y1)y = (F Hy2), £ (y1))x
= (1), 1(y2))x
=(y1,¥2)y

for any y1,y2 € Y. Also (y,y)y = (f (%), '(y))x > Oforally €Y, and (y,y)y = 0 if
and only if f~1(y) = 0, which happens if and only if y = 0, as f~! is a linear injection.
Thus (-, -)y is a hermitian inner product. We will use this observation several times
below.

Lemma 3g.8. Let 7 be a representation of G on a Hilbert space /. The following
claims are equivalent.

(1) 7 is unitarisable.

(i1) There exists a G—invariant inner product on H inducing the same topology

as (-, ).

Proof. (1)= (ii) : Suppose that 7 is unitarisable, and choose a unitariser S € Aut(H).
Define a new hermitian inner product (-, -)¢ on H by

(u,v)q = (S71u, 87 v), u,v e H.

Thanks to Remark 3.7, (-, )¢ is indeed a hermitian inner product. In what follows,
we denote || - [|(...),, the induced norm, to distinguish it from || - ||, induced by the initial
inner product (-, -). First of all, (-, -)¢s is G—invariant. Indeed, let g € G, u,v € H, and
compute that
(u,0) = (87w, S7'v)

= (S n(g)SS u, S 1n(g)SS1v)

= (877 (g)u, S (g)v)

= (m(8)u, 1(g)v)n
where the second equality follows from the fact that S~'7(g)S is unitary for any g €
G. This proves that (-, )¢ is G—invariant. It remains to prove it induces the same
topology as (-,-). Let € > 0, and set § := ”SgT” > 0. Then, for any u € By,(0, ), one
has

lellf ), = IS~ el < ISTHlul? < IS7H*6” = £

so |[ull(.,.), < €. Henceu € B||.||(,’<)w(0, €), and we have
B||.||(O, 0) C B||.||(_,‘)(H(0, £).
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The other way around, given £ > 0, set 0 := ﬁ > 0 to get the inclusion
B||.||(_7')(H(0, o) C B||.|| (0, ¢).

This shows that (-, -)¢; induces the same topology as (-, -), and (ii) holds.

(i1)) = (1) : Denote (-, -)¢y a G—invariant inner product on #, inducing the same topol-
ogy as (-, -). Here again, || - ||(..),, stands for the norm induced by (-, -)#. As (H, (-, ")),
(H, (-, -)#) are both separable, we can choose E := {e; :i € I} and F := {f; : j € J}
orthonormal basis for (-, -) and for (-, -)¢; respectively. These two bases must have the
same cardinality (it is clear if H is finite-dimensional, and if H is infinite-dimensional
we refer to [6, theorem 1.4.16]), and thus we fix a bijection ¢: I — J. We use it to
define a map
S: Vect(E) — (H, (-, )n)

by Se; := fy(;), for any i € I, and we extend S linearly to Vect(E). As E is an or-
thonormal basis for (H, (-, -)), this subspace is dense in H. Moreover S is linear by
construction and H (the target space) is complete. Additionally, if u € Vect(E) is

written as u = Z Aze;, for some Aq,...,1, € C, then
i=1

n n
1Sully = || D Aifor]| = D Wl = llul
i=1 Cow =1

using Pythagora’s theorem ([6, proposition 1.2.2], [13, proposition 1.5]) for the last two
equalities, as E and F are both orthonormal systems for (-, -) and (-, -)¢/ respectively.
This shows that S: Vect(E) — H is an isometry, in particular it is 1-Lipschitz and
thus uniformly continuous. We can now use Proposition 1.29 to extend S in a unique
way to a continuous linear map from H to H, that we still denote S. In particular, S
is uniformly continuous and satisfies

(Su, Sv)y = (u,v)

for any u,v € H, and as E and F are orthonormal bases, S is a bijection. Moreover,
its inverse S~! also satisfies

(S_lu,S_lv) = (u,v)y

for any u,v € H, and is thus uniformly continuous as well. To sum up, S is a homeo-
morphism from (H, (-, -)) to (H, (-, -)#). As (-, )¢ induces the same topology as (-, -),
the map

Id?‘(: (7_{’ (" )7'{) - (7_{7 <'7 >)

is a homeomorphism as well. Thus T := Idg; o S: (H, {-,)) — (H, (-, -)) is a homeo-
morphism, and for all u,v € H, g € G, we have

(w,0)q = (n(g)u, (&) = (S~ u, S7') = (ST w(g)u, S~ m(g)v)
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e (T u, TW) = (T n(g)u, T n(g)v)

= (u,v) = (T 7(g)Tu, T 7 (g)Tv)

= (u,v) =((T"'72(8)T)' T ' n(g)Tu,v).
Hence (T 'n(g)T)*T'n(g)T — Idg)u,v) = 0 for all u,v € H and all g € G, and
Lemma 1.3 now forces (T 17 (g)T)*T 'n(g)T = Idy, g € G. Coupled with the fact
that T~z (g)T is invertible for any g € G, we deduce that it is in fact unitary for all

g € @G, and thus the operator T unitarises 7. This establishes (i) and concludes our
proof. |

This lemma allows us to exhibit plenty examples of unitarisable groups. We begin
with the case of finite groups. For the proof, note that if X is a vector space endowed
with two equivalent norms || - ||x, [| - ||y, then the metrics dx, d; corresponding to |- [|x
and |- ||y are equivalent, and thus induce the same topologies by Proposition A.g. This
applies in particular to a C—vector space X endowed with two inner products (-, -)x,
(-, -)x that are equivalent, in the sense that there are constants ¢, ¢’ > 0 so that

clx,x)x < (x,%)x < c'{x,x)x

forallx € X.

Corollary 3.9. Finite groups are unitarisable.

Proof. Let G be a finite group, and 7: G — Aut(H) be a uniformly bounded repre-
sentation of G. Define a new inner product on H by setting

(w,0)p = ) (n()u, 7(g)v)

ge@

for any u,v € H. For all g € G, the map H xH — C, (u,v) +— (n(g)u, n(g)v) is an
inner product by Remark 3.7 (applied with S = 7(g™!)). As a finite sum of hermitian
inner products, (-, -)¢ is indeed a hermitian inner product. It is G—invariant, as

((h)u, m(h)v)g = Z(ﬂ(g)ﬂ(h)u,ﬂ(g)ﬂ(h)w

ge@

= Z (m(gh)u, n(gh)v)

ge@

= > (x(®)u, 7 (t)w)

teG
= (u,v)q

for any A € G and u,v € H, as 7 is a group morphism. Moreover, for u € H, one has

(u, u)p = Z(ﬂ(g)u,ﬂ(g)w < |Gll7*(u, u)

ge@
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by Cauchy-Schwarz inequality, and on the other hand

(u,u) = (m(ec)u, (eq)u) < (u,u)x.

Thus the topologies induced by (-, -) and (-, -)¢; are the same, and 7 is unitarisable by
Lemma 3.8. We conclude that G is unitarisable. O

We now establish two stability properties for the class of unitarisable groups. The
first one deals with quotient groups.

Proposition g.10. Let G be a unitarisable group. If N < G, then G/N is uni-
tarisable.

Proof. Let m1: G/N — Aut(H) be a uniformly bounded representation of G/N. De-
note g: G — G/N the quotient map, which is a surjective group homomorphism.
Then 7 o q is a representation of G on H, and as 7 is uniformly bounded, so is 7 o q.
As G is unitarisable, we find S € Aut(H) so that S~ (7 o ¢)(g)8 is unitary for ev-
ery g € G. As q is surjective, S™'7(h)S is unitary for any 2~ € G/N, whence 7 is
unitarisable. Thus G/N is unitarisable. O

The second property states that unitarisability passes to subgroups, and its proof
is more involved. The idea is to see that representations of a subgroup always induce
representations of the bigger group, and that the new representation is still uniformly
bounded if the initial one was. Let us describe this "induction" of representation in
details.

Let G be a group, H be a subgroup of G, and 7: H — Aut(V) be a uniformly
bounded representation of H on a Hilbert space (V, (-, -)4). Denote C > 0 a uniform
bound for ||7(h)||, h € H. Fix also S C G a set of representatives for the left cosets.
In this way, for every x € G, there is a unique h, € H so that xh, € S, and we call
sy = xh, € S. Note the relations

hs = eG, hgy1 = hhg

valid for every g € G, h € H and s € S. Indeed, if s € S, h; is the unique element of H
so that shy € S, and on the other hand seq = s € S, so h; = eg. Likewise, for g € G,
h € H we have
gh Y (hhg) = ghgy € S

and the uniqueness condition provides g1 = hhg.

We are going to show that the initial action of H on V induces an action of G on
the Hilbert space ¢2(G/H, V). To describe this action, we first exhibit another model
for this space, via an isometric isomorphism, on which we choose a natural action of

the group. We then push this action through the isomorphism to obtain an action of
G on ¢*(G/H,V).
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In this view, consider the set
W:={p:G— V| p(gh™)=n(h)p(g) forall g € G, h € H}

with its natural structure of C—vector space, where addition and multiplication by
complex scalars are defined pointwise, using the C—vector space structure of V. In
fact, this space is isomorphic to the C—vector space ¥ (G/H, V) of functions from G/H
to V. To see this, define
B:¥(G/H,V) — W
@ +— B
where (B@)(x) := m(hy)@p(xH), for any x € G. The other way around, set

B: W — F(G/H,V)
¢ — By

where (By)(xH) = n(h;Y)¢(x), for any xH € G/H.

Lemma g.11. The maps B and B are well-defined, linear, bijective and inverses
of each other.

Proof. We first prove that given ¢ € W, the function By is well-defined, i.e. its value
on a left coset does not depend on a particular choice of representative for that coset.
Suppose then that xH = x’H for some x,x’ € G. This implies s, = sy, S0 xh, = x’h,/,
and thus x’ = xhxh;,l. It follows that

(Bo)(x'H) = (") (x')
= w(h;Hp(xhhh)
= m(h ) p(x(heh) ™)
= (k") (he bY@ (x)
= 71(h") 7 (he) (R ()
= (kM) (x)
= (By)(xH)

using that ¢ € W for the fourth equality, and that 7: H — Aut(V) is a group

homomorphism for the fifth one (in particular 7(eg) = Idy). Thus By is indeed a
function on the quotient G/H, so that B is well-defined.

Now, we show that B is well-defined, proving that B¢ € ‘W if ¢ is a function on
G/H. Fix group elements g € G, h € H and write

(Bp)(gh™") = m(hgy-1)@(gh™ H)
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= n(hhg)p(gH)
=n(h)m(hg)p(gH)
=7(h)(Bp)(8)
using that h,j,-1 = hh, and that 7 is a group homomorphism from H to Aut(V). Thus
B € W for any function ¢ on the quotient. Additionally, if @1, ¢s € F(G/H,V),
A € C and x € G, then
B(@1+ A@g) (x) = m(hy) ((P1 + Ap2) (xH))
= 71(hy) (P1(xH) + APa(xH))
= 71(hy) P1(xH) + At (hy) P2(xH)
= B@1(x) + AB@a(x)
= (B@1+ AB@sg)(x)
whence B(@1 + A@p3) = BP1 + AB@P2. This shows that B is linear.
Now we prove that B o B = Idqy. Let @ € W, and observe that

(B o B)(9)(x) = B(Bg)(x)

= 71(hy) (Bp(xH))

= 71(hy) (2 (hy ) ()

= (n(he) 7 (")) (p(x))

= Idy (¢(x))

= ¢(x)
for all x € G. Above we used the definitions of B and B, and the fact that 7 1s a group
homomorphism (in particular 7(eg) = Idy). Thus we conclude (B o B)(¢) = ¢ for

every ¢ € W, so Bo B =1dqy. In a similar way, let ¢ € ¥(G/H,V) and x € G, and
write

(B o B)(¢)(xH) = B(B@)(xH)

= 7(h;) (B@(x))

= 71(hy ') (70 (he) p(xH))

= @(xH).
Thus we get BoB-= Id#(g/m,v). Consequently, B is linear as the inverse of a linear
map. This terminates the proof. O

We have then an isomorphism of C—vector spaces
W =5(G/H,V).
Furthermore, ¥ (G/H, V) carries the norm || - ||2 defined as

@13 == > Ip(sH)II3,, @ € F(G/H, V).
seS

g1
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This norm possibly takes infinite values, and we distinguish ¢?(G/H, V) the complete
C—vector subspace of functions ¢ from G/H to V with || cﬁ||§ < oo, It 1s a Hilbert space,
because its norm derives from the inner product

(@1, P2)a = ) (@r(sH), Pa(sH))y
seS

and this last expression does make sense for @1, P2 € ¢2(G/H,?V), thanks to the
Cauchy-Schwarz inequality. Now we endow ‘W with a normed vector space structure,
pushing the norm on ¥ (G/H, V) through B. More precisely, for ¢ € ‘W, we set

l@llw = 1Bellz = |B¢ll2
and the subspace ¢2(G/H,V) of ¥ (G/H,V) is identified with the subspace
W= {p e W:|ol3, <}

In this way, the inner product (-, )9 on £2(G /H, V) is pushed along B to give rise to a
hermitian inner product (by Remark 3.7) on ‘W, given by

(@1, P2)qpy = (B~ 1, B pa)s
for all @1, ps € W. In particular, ((W , {*,*)qi») is a Hilbert space, and the isomor-
phisms B, B are isometric.
We define an action of G on ‘W as follows: for g € G and ¢ € ‘W, define g -, ¢ as
(g wp)(x) = p(g7'x)
for all x € G. This is a group action. Indeed, if g € G and ¢ € W then
(&-w @)y ™) =g xy™)

= 71(y) (g™ %)
=7(y)(g -w ¢)(x)

for any x € G,y € H, using that ¢ € ‘W for the second equality. Thus g - ¢ € W as
well. Secondly, we have eg -4y ¢ = ¢ for any ¢ € W, and if g1,g82 € G and ¢ € W we
compute

(81w (g2 w®))(x) = (82 w)(g1'%) = p(g5"81'%) = p((g182) %) = ((g182) w ) (x)

for any x € G, which shows that g1 -y (g2 - @) = (g182) ‘w @.
This action of G on ‘W is now transported to an action of G on ¥ (G/H, V), setting

g-@:=B (g Bp)

for any g € G and ¢ € F(G/H,V). We can provide an explicit formula to describe
this action. Let ¢ € ¥ (G/H,V), g € G, and s € S, and write

(g ¢)(sH) =B (g -w BP)(sH)
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=7(h;')(g -w BP)(s)
= (g w B@)(s)
=B@(g"s)

= 7(hgr)P(g~sH).

Here the third equality follows from As = eg (and thus &;! = eg, so 7(h;1) = n(eg) =
Id«y).

The fact that 7 is uniformly bounded implies that this action preserves the sub-

space V2(G/H,V) c F(G/H,V). Indeed, if ¢ € ¢(G/H,V) and g € G, one has

lg - @l3 =) e - ®)(sH)I3,
seS

= D Imlhg ) @g ' sH)I,
seS

<C? > llg(g ' sH)II3,
seS
= C?|@ll3 < o

as ||@|13 < oo.

To sum up: given a uniformly bounded representation 7 of H on a Hilbert space
7V, we constructed an action of G on the Hilbert space ¢2(G/H,V), or equivalently a
representation of G on ¢2(G/H,V). We denote it 7: G — Aut(¢2(G/H,V)), i.e.

AE)Pp=g-¢

where g € G, ¢ € ¢*(G/H,V), and we call 7 the induced representation of G by 7.
We have now all we need to establish the following.

Proposition g.12. Let G be a unitarisable group. If H < G, then H is unitaris-
able.

Proof. Let m: H — Aut(V) be a uniformly bounded representation of H on a Hilbert
space V. Let C > 0 be a uniform bound for |7z (4)||, » € H, and consider 7 the induced
representation of G on ¢2(G/H, V). With this notation, the computation preceding
this proof shows that

I17(&)@liz < C*l@ll;

forall g € G and ¢ € ¢2(G/H,V). Hence ||7(g)|| < C for any g € G, so 7 is uniformly
bounded, in fact with the same bound as 7. The group G being unitarisable, 7 is uni-
tarisable, and Lemma 3.8 provides a G—invariant inner product [-,-] on ¢2(G/H,V),
inducing the same topology as (-, -)s.
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Now V is a subspace of #2(G/H,V), identifying a vector v € V to the function ¢,
supported on the trivial coset egH, defined by

v ifsH =egH
0 otherwise

(@v)(sH) = {

and we claim that, for » € H, the action of the operator 77 (%) on this copy of V preserves
V and furthermore coincides with the initial action of 7 (k) on V. For this, let h € H,
v € V. We prove that

A(h) Py = Pr(nyo
which shows both claims at the same time. Let s € S, and write that

(#(R)Py) (sH) = 7w (hj-1) Pu(h ™ sH)

_ 7 (hy-15)v ifh_lstegH
~lo otherwise

_jr(h)v ifh 1sH = egH
~lo otherwise

= Qbﬂ(h)v (SH)

because the condition A~ 'sH = egH is equivalent to s € H, and this implies Aj-1, = A.
Now, observe that by definition, the restriction of (-,-)2 to V coincides with (-, -)«.
Thus the restriction of [-, -] to V induces the same topology on V as (-, -)¢/, and the
representation 7 is H—invariant for [-,-], as it is the restriction of a representation
which is G—invariant for [-, -]. Invoking once again Lemma 3.8, r is unitarisable, and
therefore so is H, as announced. The proof is complete. O

To get new examples of unitarisable groups, we establish now Dixmier’s result.
Theorem 3.13. Amenable groups are unitarisable.

For the proof, we will use the characterization of amenability in terms of the ex-
istence of a G—invariant mean on ¢*(G) (as explained in Appendix B, theorem B.g).

Note that if m € M’(G) is such a G—invariant mean, then m is increasing, in the sense
that for f1, fo € £°(G),

f1 < fa = m(f1) < m(f2).

Indeed if /1 < f5 then fo — f1 > 0 and thus m(f2 — f1) > 0. The linearity of m now leads
to m(f1) < m(fa).

Proof. Let G be an amenable group, and denote m € M’(G) a G—invariant mean. Let
7m: G — Aut(H) be a uniformly bounded representation of G. For u,v € H, define

fu,v:G_>C
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g+ (m(g Hu, n(g Hv).

Let u,v € H. By the Cauchy-Schwarz inequality and the uniform boundedness of 7,
we first have

(@] = K (g™ Hu, m(g™Hodl < I HIPNullllvll < 17 lullvl]

for any g € G, and thus ||f,,.llc < |7|%||u|l||v]|. In particular, £, , € £*(G) and we may
define a map
G, )YH: HXH —C
(u” U) — m(fu,v)-
We claim that (-, )¢ is a G—invariant inner product on H. Fix u,v,w € H, 1 € C.

As 7(g) is a linear operator for all g € G and as (-, -) is linear in the first variable, we
have

Frurow(g) = (m(g™) (Au +v), m(gHw)

= M (g u, n(g Hw) +(m(g v, (g Hw)
= Afu,w(g) +fv,w(g)
= (/1fu,w + fv,w)(g)

for all g € G, s0 fiy+v,w = Afuw + fow and, as m is linear, it follows that

(Au+v,w)y = m(f/lu+v,w)
= m(/lfu,w + fv,w)
= ﬂm(fu,w) + m(fv,w)
= Au,w)y + (v, w)y

for all u,v,w € H, A € C. Hence (-, -)¢ is linear in the first variable.
Next, by the linearity of m it holds that m(f) = m(f) for every f € ¢%°(@G), and thus

(u’ l))q-( = m(fu,v) = m(fu,v)

for all u,v € H. As (-, -) is an inner product, we also have

fun(g) = (m(g Hu, m(g o)
= (m(g"Hv, 1(g"Hu)
= fv,u(g)

for all g € G, thus m = fuu for all u,v € H. We deduce that

(w, 0} = m(fup) = m(fo) = (v, Wn

for all u,v € H, and (-, -)¢/ is hermitian.
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Lastly, for u € H, one has
fuu(8) = (m(g Hu, n(g Huy = ||m(g Hul®> 2 0

and so f,, > 0, whence m(fy ) > 0. This means that (u,u) > 0, so (-, -)¢( is positive
definite. It remains to prove it is non-degenerate, i.e. if (u,u)y = 0, then u = 0. We
show rather the contrapositive. Recall that if A € Aut(H) then ||Au|| > ”A—1_1”||u|| for

allu € H.Ifu # 0 and g € G, we use this observation with A = 7(g~1) to obtain

foul@) = (g Dull? > -

2

This holds for any g € G, whence f,, > #Ilulﬁlg. As m is increasing, linear and
takes the value 1 on 15, we get

1 1 1
(s W = m(Fun) = m|—lulP1e ) = —llull’m1a) = —|ull? > 0
|7] |7 |7
as desired. This proves that (-, -)¢/ is a hermitian inner product.

Its G—invariance is a consequence of the G—invariance of m, as for u,v € H and
g € G, we have

Fr(@ungw(h) = (k™ (g)u, n(h™)m(g)v)
= (n(h'g)u, n(h™'g)v)
= (n((g7'm) Hu, 7((g7"h) o)
= fu,v (g_lh)
= (gfu,v)(h)

for any A € @G, using that 7 is a group homomorphism. We deduce the equality
fr(g)un(g)w = &fup for any g € G and u,v € H, and this provides

(n(g)u, ”(g)v)(l’{ = m(fﬂ(g)u,n(g)v) = m(gfu,v) = m(fu,v) = (U, 0)7-(
for all g € G, u,v € H, whence (-, -)¢; is G—invariant.
Denoting || - [[(.,.),, the norm induced by this new inner product, we have on the one

hand
el (e = V@, Wge = Vm(Fuw) < Vlfuell < VIT2llull? = |7 llul]

for any u € H. On the other hand ||u||? = ||7(g)7 (g™ )u|? < |7|*fuu(g) forany u € H
and g € G, and as m is increasing we get

lull? = m(|[ull*16) < m(|7*fuu) = 1713 (u, W)n

and taking the square roots yields |[u|| < |z|||u]..), for all u € H. We have then
established that

1
el < iy < lrlljull

|7]
forany u € H,i.e | -] and | - ||.. ., are equivalent norms on . Thus (-, -) and (-, -)#
induce the same topology, and by Lemma 3.8 this implies that 7 is unitarisable. We
conclude that G is unitarisable, and the proof is complete. O
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Using results from Appendix B, we get new examples of unitarisable groups.

Corollary 3.14. Any solvable group is unitarisable.
In particular, Z%, Q% and R? are unitarisable, for any d > 1.

Proof. Combine Corollary B.2o and Theorem 3.13. O

Let us present now another example of application of Theorem 3.13.

Example 3.15. Let G be the Heisenberg group of 3 X 3 matrices with integer coeffi-

cients, i.e.
1 x z
G:=4|0 1 y||x,y,2z€Z
0 01
The subgroup
1 0 z
N = 010 ze”Z
0 01

is the center of G, and therefore is normal in G. Clearly N = Z, and the quotient G/N
is isomorphic to Z2 via the surjective group homomorphism

¢p:G— 72
1 x z
01 yl— (x,y).
0 01

Hence G is an extension of its center by G/N = Z2. As Z and Z? are amenable, it
follows that G is amenable, and in particular unitarisable by Theorem 3.13.

3.2 Non-unitarisability of non-abelian free groups

The first example of a non-unitarisable group, namely SLy(R), was provided in 1955
by Ehrenpreis and Mautner [14]. We focus here on another example, the non-abelian
free group on countably many generators. Coupled with stability properties proved
earlier, this will imply that every group containing a non-abelian free subgroup, for
instance SLg(R), is not unitarisable.

The concept we introduce to construct uniformly bounded non-unitarisable repre-
sentations of free groups is the one of a derivation.
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Definition 3.16. Let 7 be a unitary representation of G.
A map D: G — B(H) is called a derivation with respect to 7 if

D(gh) = D(g)n(h) + n(g)D(h)
forall g,h € G.

As for representations, a derivation D is called bounded if there exists C > 0 so
that ||[D(g)|| < C for all g € G.

Given a unitary representation 7, it is possible to construct a wide set of deriva-
tions: pick T' € B(H), and define D(g) := n(g)T — Tn(g), g € G. Indeed one has

D(gh) = n(gh)T - Tn(gh)
=n(g)n(h)T — n(g)Tn(h) + n(g)Tn(h) - Tn(g)m(h)
=n(g)D(h) + D(g)7(h)
for all g, h € G. Such a derivation is called inner.

Given now 7 a unitary representation and a derivation D, one can produce another
representation of G, by setting

0 7n(g)

Properties of 7p are now completely determined by those of D.

() i= (”(g) D(g)) € B(H & H).

Proposition g.17. Let 7 be a unitary representation of G, and D: G — B(H).
The following equivalences hold.

(1) 7p is a representation of G if and only if D is a derivation.
(i1) mp is uniformly bounded if and only if D is bounded.

(i11) 7p is unitarisable if and only if D is inner.

Proof. (i) We directly compute that

(g) D(g)|(n(h) D(n)) _ (7(gh) 7n(g)D(h)+D(g)n(h)
”D(g)”D(h):(”o n(g))(ﬂo n(h)):( 0 7(gh)

using that 7 is a group homomorphism for the last equality. By definition, 7p is a
representation of G if np(gh) = np(g)np(h) for all g,h € G, and this happens if
and only if D(gh) = n(g)D(h) + D(g)n(h) for all g,h € G, i.e. if and only if D is a
derivation.

(i1) Before proving the equivalence, we observe that
I7p(8) (w, V) lxew = (7 (g)u + D(g)v, 7(g)v) |l Haw
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< |lz(g)u+D(g)vll + [z (g)v]l
< llz(@ el + vl + ID(g)vll
< V2|(u, ) gt + ID(g)v]
for all g € G and u,v € H, as 7 is unitary. Now we show the claimed equivalence.

To begin, assume that D is bounded by a constant C > 0. We have from the previous
inequality that

170 (8) (1, v) l1en < V2II(u, v)lHen + Cllvll < (C + V2)II(w, v) lHen

for all g € G and u,v € H. This implies ||7p(g)|| < C + V2 for any g € G, whence 7p
is uniformly bounded.

Conversely, suppose that 7p is uniformly bounded by a constant C > 0. Then
ID(g)vll < ll7p(£)(0,v)llHer < ClI(0,v)llxer = Cllvll
for every g € G and v € H. Hence ||D(g)|| < C for all g € G, and D is bounded.
(ii1) If D is inner, we may find T' € B(H) so that D(g) = n(g)T —Tn(g), for all g € G.

Consider then the operator
S = (I%H Ig;{)
on H & H. It is a bounded operator, as
1S (4, ) 1155 = 1 (e + Tv, 0) 15 10

= |lu+To|? + |lv]|?

< (lu+Toll + [lo])?

< (lull+ AT+ DllvlD?

< 2(lull® + (ITI + 1) |lvl?)

< 2Tl + D[ (w, v) | 159¢
for all u, v € H, which yields to ||S|| < 2(||T|| + 1)2. Moreover, we have

o T [ [ A B NS

for any g € G, and as 7 is unitary, 7 ® 7 is unitary®® as well, so 7p is unitarisable.

5)Indeed, fix g € G and consider the operator B(g) on H&H given by B(g)(u,v) = (7(g)*u, 1(g)*v),
(u,v) € H @ H. Then one has

((u,v), B(8)(2,t))Hon = ((u,v), (7(8)"2, m(8)"t)) HoH
= (u, (g)"2) + (v, m(g)"t)
= (n(g)u,z) +(n(g)v,t)
=((re®m)(g)(u,v), (2, 1)) Hon

for all (u,v), (z,t) € H®H, whence (7®7)(g)* = B(g). As wis unitary, B(g) equalsin fact (7®x)(g™ 1),
and thus (7 ® 7)(g)* = (m® m)(g) L forall g € G.
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For the converse, assume 7p is unitarisable. Thus there is S € B(H & H) so that
7(g) = S~lnp(g)8 is a unitary operator on H & H. In particular 7(g) = 7(g~1)* for
any g € G, and it follows that

(88" 7p(g™")* = (mp(g™")SS*)*
= (St(g™)s)*
=S7(g™)"s"
=S1(g)S*
= 7p(g)(SS”)

for all g € G. Writing explicitly

«_ [A1n Az
SS* =
(A21 Azz)

we deduce from the above that 7(g)A12+D(g)Ags = A1271(g) and 71(g)Age = Agom(g),
for all g € G. Furthermore, note that as SS* is positive and invertible, Corollary 1.23
provides € > 0 so that

(S8 (1, v), (u, V))ptor > €ll(, V)12 ap

for all (u,v) € H & H. Expanding the inner product on the left-hand side, and re-
stricting to vectors of the form (0,v), v € H, one gets

(Agav,v) > €llv]?
for any v € H. In particular, Agg is positive and invertible as well. We deduce that
D(g) = (A127m(g) — m(g)A12)Agy = (A12A5)7(8) — (g) (A1245,
for any g € G, proving that D is inner, as A12A§21 € B(H). This finishes the proof. 0O

Using this generic construction, we can now show the following.

Theorem 3.18. The group F, is not unitarisable.

Proof. Let G := F, and let S be a countable generating set of G. Consider the linear
operator A on ¢2(G) defined by

A(5e) = 01 A(5sl...sk) = 681....5‘]@,1

for every reduced word s7 . .. s;p_15; € G (and e denotes the neutral element of G here).
As {6, : g € G} is an orthonormal basis of £?(G), this completely determines A.
Moreover, ||A(0p)||2 < ||On]|2 for any A € G, whence A is bounded with ||A|| < 1. Now,
denote A the regular representation of G, and define D: G — B(¢?(G)) by

D(g) := AA(g) - A(g)A
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for all g € G. We first prove that D is a bounded derivation with respect to A.
For all g, h € G, one has
D(g)A(h) + A(g)D(h) = (AA(g) — A(g)A)A(R) + A(g)(AA(h) — A(h)A)
= AA(gh) - A(gh)A
=D(gh)

so D is a derivation with respect to 1. For the boundedness, note that

ID(g)(6n)ll2 < IANIIA () (On)ll2 + [IA(&)II[A(R) 2 < 2

for any h € G. We deduce then ||[D(g)|| < 2 for any g € G. Points (1) and (i1) of
Proposition 3.17, which we may apply since A is a unitary representation of G (by
Example 3.2(ii1)), ensure that Ap is a uniformly bounded representation of G.

Towards a contradiction, suppose that D is inner, and let T € B(¢2(G)) be so that

D(g) =A(g)T -TA(g), g €G.
For g € G write
T(5g) = ) t(h, )

heG
andset p: G — C, p(g) := (D(g)0.,0.). Let g, h € G and observe that for any x € G,

we have
Mg)(0n) (x) = On(g™'x) = Bgn(x)
whence the relation A1(g)(dy) = dgp, for all g, h € G. We can thus compute

p(8) = (M&)T(8.) ~ T(A(2)(60)), 8e)
- <Z t(h, ¢)0n, 5e> ~(T(5,),60)

heG
= t(g_17e) - t(ea g)
The two functions g — t(g ™1, e), g — t(e, g) are in £2(G), as

D tle,2)* = IT(B)I < IT))* < o0
ge@

and
Z t(gt,e)? = IT*(8)11* < IT*|1 = ||IT||? < oo.
ge@

Thus p € ¢2(G) as well. On the other hand, if g = s;...s; # e one has

1 1f31---3k‘1:e_{1 shera =1s(g)

p(g) = <A(5g)’ Oe) = <5sl...sk,1a be) = { =

0 otherwise 0 otherwise

where the first equality follows from the definition of p and the fact that A(d,.) = 0.
This shows the equality p = 1g, and thus 1g € ¢2(G), which implies |S| < co. This is
the desired contradiction, and hence D is not inner. Hence Ap is not unitarisable, and
thus G = F 1s not unitarisable either. O
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Therefore, a way to prove the non-unitarisability of a group is to show that this
group contains F, as a subgroup.

To detect non-abelian free subgroups in a group, the following lemma is crucial. It
is often referred to as the Ping-Pong lemma.

Lemma g.19. Let G be a group, generated by a subset S with |S| > 2. Suppose
that G acts on a set X and that there exists a collection (Ag)scs of non-empty
disjoint subsets of X so that

Sk : At C As

foralls #t € Sand & € Z \ {0}. Then G is a free group on S.

Proof. Let g € G and write it as a non-trivial reduced word

gzs];l...s,]i”

withn > 1, s1,...,s, € S and kq,...,k, € Z \ {0}. This is possible because S
generates G. It is enough to prove that g # eg (see [4, corollary 1.8]). We distinguish
three cases:

@) |S] = 3.

(11) |S| =2 and s1 = s,,.
(i11) |S| =2 and s1 # sj,.
If we are either in case (i) or (ii), we can pick t € S so that ¢ # s; and ¢t # s,. It thus
follows from the assumption applied n times that

g‘At = (Skl...Sfin) 'At
= (s1' sy - (s - Ay

k R
C(sy'...8"7) As,

k1
C 81 * ASQ
CAs.

By hypothesis, we have A;, N A; = () whence g # eg. If we are rather in case (iii) we
conjugate g by s’lel and
sll"/lgsik1 = s?klsgz - sf;"szkl

expresses slfl gsIk ! as a non-trivial reduced word. This word satisfies assumptions of

case (i1) we just handled, so we deduce sflgszkl # eg, and it follows that g # eg. This

completes the proof. ]
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A well-known application of this result is the following.

Example 3.20. Consider the usual action of SLy(Z) on R2, and the two matrices

Sq = ((1) ?) , Sg = (; 2) Moreover, let

as = {5 e”® s > if, as = {(3) € ®® < el <

If (x) € Ag,, then
Yy
lx +2y| > [|12y]| = |x|| = |2y] = x| > 2]y| = |y] = |yl

by the second triangle inequality, whence S (;) € Ag,. Likewise, SgAg, C Ag,.

Clearly Ag, and Ag, are non-empty and disjoint, so we may apply Lemma 3.19 to obtain
that G = (S, S2) is a free group in SLgo(Z), namely a copy of the non-abelian free group
on two generators Fs.

The Ping-Pong lemma allows also to prove the following.

Corollary g.21. Let F be a free group of rank 2, and 2 < n < co. Then F contains
a free subgroup of rank n.

Proof. Denote {a, b} a free basis for F. Given 2 < n < oo, let I ={0,...,n — 1} (resp.
I =N) and let G be the subgroup of F' generated by S := {s; : i € I} where
S; 1= aiba_i, 1 €1

Consider the natural action of G on F by left multiplication, and for each i € I denote
A;, C F the set of elements of F' whose reduced form starts as a'b”, for some h € Z\{0}.
This definition imposes A;; N As, = 0 for i # j € I, and moreover, if k € Z \ {0}, every
element in sf - As; has a reduced form starting as a'btala’b" = a'bFal7ib" for some
h € Z\{0}. This means that sf’ “Ag; C Ag,, for all distinct pairs 7, j € I. All hypotheses
of Lemma 3.19 are fulfilled, and thus G is a free group of rank |I| in F. O

These results combined with the non-unitarisability of F, give us new examples of
non-unitarisable groups.

Corollary g.22. Any group containing Fy as a subgroup is not unitarisable. In
particular, Fj; is not unitarisable for any 2 < d < o0, as well as SLg(Z), SL2(R),
GLy(Z), GLy(R).
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Proof. As F5 contains F, as a subgroup, and the latter is non-unitarisable by Theorem
3.18, Fy cannot be unitarisable either by (the contrapositive of) Proposition g.12. This
implies the non-unitarisability of any group containing Fs, in particular F; for any
d > 2. We derive the non-unitarisability of SLg(Z), SLa(R), GL2(Z), GL2(R) from
Example 3.20. O

We end this introduction to unitarisability by an overview of other known results,
established recently, and open problems on the theme.

To begin, let us mention another stability property: virtual®® unitarisability im-

plies unitarisability [29, corollary 8.21]. Moreover, extensions (in the sense of Defini-
tion B.12) of unitarisable groups by amenable groups give rise to unitarisable groups
[30, theorem 4.19]. On the other hand, it is not known whether extensions of unitaris-
able groups by unitarisable groups are still unitarisable. Also, it is unknown whether
the directed union of unitarisable groups is unitarisable, but in contrast there is in
fact a version of Corollary B.18 for unitarisability [26, corollary o.11]:

Theorem. A group G is unitarisable if and only if all its countable subgroups are
unitarisable.

In the opposite direction, until recently the only known examples of non-unitarisable
groups contained non-abelian free groups. In 2008, Nicolas Monod and Inessa Epstein
proved the existence of non-unitarisable torsion groups [16, corollary 1.6], and estab-
lished several connections with the first L2—Betti number of a group and the cost of a
group. In 2009, Nicolas Monod and Narutaka Ozawa obtained in [23, theorem 1] the
following major result:

Theorem. Let G be a group. The following are equivalent.
(1) G is amenable.
(i) A GY7 is unitarisable for all abelian groups A.

(i11) A G is unitarisable for some infinite abelian group A.

They derived from this theorem the non-unitarisability of many Burnside groups
[23, theorem 2].

8 A group G is called virtually unitarisable if it contains a unitarisable subgroup H with [G : H] < .
More generally, if P is a group-theoretic property, we say that G is virtually—P if it contains a finite
index subgroup that has property P.

7DThe notation A ! G stands for the wreath product of A and G, defined as the semi-direct product

(@A)xG

where G acts on the direct sum via g - (ap)neG = (@g-1p)hei, & € G, (an)hec € @ A.
G
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3.3 Fixed points and smallest unitarisers

In this part, we establish a connection between unitarisable representations of a
group G and fixed points for a natural action of the group on the space of positive
invertible operators on a Hilbert space. Using the weak operator topology on the latter,
we prove that any unitarisable representation of a group can be unitarised with an
operator having minimal size.

The starting point is the following observation: if G is a group and 7: G —
Aut(H) is a representation of G on a Hilbert space H, we can use the natural ac-
tion of Aut(H) on P(H) to define an action of G on P (H), letting

0r: GXP(H) — P(H), 0,(g,P) :=n(g)Pn(g)".

As proved in Chapter 2, this is a well-defined map, and as 7 is a group homomor-
phism, this is a group action. Indeed, 0, (eg, P) = 7(eg)Pn(eg)* = ldyPld;, = P for
any P € P(H), and

0 (gh,P) = n(gh)Pn(gh)’
=n(g)n(h)Pr(h) 7 (g)"
=7(g)0x(h,P)m(g)"
= gﬂ(gy Hﬂ(hap))
for any g,h € G and P € P(H). In particular, since the action of Aut(#) is isometric

(Proposition 2.6) and respects the geodesics we defined (Lemma 2.8), the same is true
for 6.

In the sequel, if g € G and P € P(H) we also write g - P for 8,(g,P) € P(H).

Our first lemma shows that unitarisers for 7 give rise to fixed points for this action,
and vice-versa.

Lemma 3.23. If S € U(x), then SS* is a fixed point of 8,. Conversely, if T" is a
fixed point of 0, then TV/2 € U(x).

Proof. First, suppose that S € U(xr). We already observed that SS* is positive in
Example 1.8, and its invertibility follows from that of S. Thus SS* € P(H). Now, as
S e U(x), S~ n(g)S is unitary for all g € G, and in particular

S7'7(g)S(S'n(g)S)* = Idy

for all g € G. This implies that S™17(g)SS*7(g)*(S™1)* = Idg, and multiplying from
the left by S and from the right by S*, we get

n(g)SS*n(g)" = SS*
for all g € G, so SS™ is a fixed point of 6.
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Conversely, let T be a fixed point of 8, i.e.

n(g)Tn(g) =T

for all g € G. Writing T = TV/2TY2, one has T727(g)TY2T2n(g)*T~/2 = Idy for
any g € (G, whence

(T2 ()T (1Y) ' (g)TY?)" = Ty

for any g € G. As (T'2)"17(g)T"/? is invertible, we deduce that it is in fact unitary
for all g € G, and thus T2 € U (7). This concludes the proof. O

A direct consequence of this lemma is the following, about the properties of uni-
tarisers.

Corollary 3.24. If 7 is unitarisable, then 7 has a positive invertible unitariser.

Proof. Since 7 is unitarisable, we can pick S € U (7). Then SS* is a fixed point of 8,

and thus VSS* € U(r). As VSS* is positive and invertible by Theorem 1.42, the claim
follows. o

The goal of the next result is to show we can always choose a unitariser with min-
imal size.

Proposition g.25. Let 7 be a unitarisable representation of a group G. Then
there exists S, € U(x) so that

s(Sy) = Seigfﬂ) s(S).

Moreover, this unitariser can be chosen in P (H).

Proof. By Proposition 3.5(1v) and (the proof of) Corollary 3.24, given S € U(x), the
operations

S — SS* — VSS*

produce a positive unitariser of 7 with same size as S. Hence, without loss of gener-
ality, we can restrict our search to positive unitarisers.

Next, by Lemma 3.23 and Proposition 3.5(iv), we have a size-squaring bijection

Un) NP(H) — P(H)C
S — S?
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s0 it is enough to find T, € P (H)F with minimal size. Since P (H)? is closed™® under
multiplication by strictly positive scalars, and that s(1S) = s(S) for all 1 € C\ {0} by
Proposition g.5(ii), it suffices to find T}, in

P(H) = P(H)? N {A e B(H): ||A] =1}.
We are thus left to prove there is T, € P(H )f so that

s(Ty) = inf s(T).
TeP (H)G

Additionally, observe that if ||T'|| = 1, s(T) = ||T7 Y| = — so in order to exhibit

T, realizing the infimum above, we must maximise the quantities Ami(r%) A when T
€0

runs over P (H)%, i.e. exhibit a T}, € 7’(7{)? so that

min A= sup ( min /1). (8

One last reduction can be made observing that ﬂmi(r%) A =1-|Idg —T|| for ||T|| = 1.
€0
Indeed, if ||T'|| = 1, one has

1-|Idy —-T|l=1- max A

/1€U(Id1.{—T)
=1- max (1-21)
Aeoa(T)
=1-(1- min A1)
Aeo(T)
= min A
Aea(T)

using Lemma 1.16 in the second equality. With this observation, finding T, € P(H )lG
verifying (8) is the same as finding T, € P(H )? so that ||[Idgs — T|| 1s minimal and
realizes the distance between Idy and P (H )lG. Call then

0 := inf |[Idyg —-T]||
TeP (H)C

this distance, and note that 6 < 1 as

1-||Idyy =T||= min A >0
[Idg = T| fg&)

for any T € 7’(7‘()?

®Indeed, if T € P(H)¢ and A > 0, then AT € P(H) by Lemma 2.1, and
0:(g,AT) = n(g)(AT)7(g)" = A(n(g)Tn(g)") = AT
for all g € G. Thus AT € P(H)C.
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Pick a sequence (T}, )nen C 50(7-()? so that ||[Idy — T,|| — 6 as n — oo. Now,

P(W)f c {A € B(H) : ||A|| £ 1} and this set is compact for the weak operator
topology by Theorem 1.52. As this topology is metrisable on bounded parts of B(H)
(Theorem 1.51), {A € B(H) : ||A]| < 1} is in fact sequentially compact by Theorem
A.37. We thus extract from (77,),cn a convergent subsequence (T (,))nen and we denote

T, its limit. We now check that T'; is in P (H )1G and that § = ||[Idg — T%||.

First of all, as {A € B(H) : ||A|| < 1} is compact for 7,,, which is a Hausdorff
topology (Lemma 1.50), Proposition A.32 ensures that {A € B(H) : ||A|| < 1} is also
closed for 7, so we must have T, € {A € B(‘H) : ||A|| < 1}, and thus ||T,|| < 1.

Next, by definition of the weak operator topology, we have

(Tru,u) = im (Ty(nu, u)

forallu € H. As Ty(n) € P(H) for alln € N, ({(Ty(n)u, u))nen is a sequence of positive
real numbers, so its limit is a positive number. Hence T'; is positive.

Additionally, since T, — Idy, is self-adjoint, we have
1T — Idg|l = ”81”11)1 (T — Idp)u, u)l
ull=
= sup | lim ((Ty(n) — Idg)u, u)|

lull=1 "7

= sup lim [{(Tyn) — 1dg0)u, )

llull=177

< sup lim || Ty(,) — Idg||

lJull=177

= sup 0
llull=1

=0

where the first equality follows from [13, theorem 1.12] (or [6, theorem 2.2.13]), and
the upper bound follows from Cauchy-Schwarz inequality. In particular, this implies
that o(T,; — Idg) C [0, 0], and Lemma 1.16 in turn implies

o(T;)c[1-6,0+1] c (0,6 +1].

Thus T, is invertible, so T, € P(H) and in fact, as we already know ||T| < 1, we
have o(T;) c [1-6,1].

Now let u € H and g € G. We compute that

<(g . T;T)U/, u) = <”(g)T7r7T(g)*u, u>
=Ty (8)"u, m(g)" w)
= lim (T () "u, m(8) w)

= lim (g - Typ(n))u, u)

= lim (T, u)
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= <T7Tu7 u>

using the fact that T\, is a fixed point for G ~ P (H) and the definition of the weak
operator topology. This shows that

(g Ty —Tr)u,u)=0

for all u € H, and Lemma 1.3 ensures then that g - T, = T,;. As this holds for any
g € G, we conclude that T'; is a fixed point for G ~ P (H).

To finish, assume towards a contradiction that & := ||T,;|| < 1. Letting a :=
min o(T,), we have then

Aea(Ty)
o(T,) Cla,b],0<1-0<a<b<l.

The operator T' := %Tﬂ is therefore positive, invertible, fixed by 8, and of norm 1. In

other words, it lies in P(H)¢, and thus ||Idg — T'|| > 8. On the other hand, o(T) c
[£, 1], which implies

ITdgy — T Sl—%<1—a:||IdW—T,,|| <6

whence ||Idg; —T'|| < §. This contradicts ||Idg —T'|| > J, so we must have b > 1. Hence
|IT:|| = 1. We deduce now that T; € P(H)¥, and in particular

[1dg — Ty |l > 6.

As we already proved that ||[Idg — T|| < J, we conclude that ||[Idg — T || = 6, so
T, indeed realizes the distance between P(?-{)? and Idg. As explained above, this
concludes the proof. O

A key idea towards Pisier’s result is that, for unitarisable groups, we can always
have a good control on sizes of representations, and we will show in the proof that if
a representation has large size, we can always "deform" it in a continuous way to get
representations with smaller sizes. The next definition introduces this deformation.

Definition g3.26. Let 7 be a unitarisable representation of a group G, with S €
U () a smallest positive unitariser. For ¢ € [0, 1], let

7. G — Aut(H)
gr— S'n(g)S".

For t € [0, 1], 71; is a representation of G, as
ni(gh) = S~'n(gh)S"
=S'n(g)S'S ' n(h)S?
= 1 (g)me(h)
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for all g,h € G.

Knowing that S is a smallest unitariser for 7 allows one to exhibit a smallest uni-
tariser for ;.

Lemma 3.27. Let 7 be a unitarisable representation of a group G, and let S €
U(m) be a smallest positive unitariser.
Then for any ¢ € [0, 1], S~ is a smallest unitariser for ;.

Proof. Fixt € [0,1]. For g € G, we have
(ST ta,(g)Stt = 8IS (g)S STt = S n(g)S € U(H)

as S unitarises 7. Hence S'~* € U(x;). Up to normalizing S, and invoking Proposition
3.5(i1) and the fact that U(x) is closed under scaling, we may assume that ||S|| = 1.
Towards a contradiction, suppose there exists @ € U (7;) with

s(Q) < s(S¥).

As for S, we may assume that ||@|| = 1. Since ||S|| = 1, ||S'7?|| = 1 using Theorem
1.30(i), so the assumption s(Q) < s(S'~) reads as

QM < IS HI.
Now, we claim that S’Q € U(x). Indeed, it suffices to write
(8'@)7'1(9)8'Q =Q7'S™1()8'Q = Q' m(9)Q

for any g € G, and by assumption @ unitarises 7;, so @ '7;(g)Q is unitary for any
g € G. Now, looking at the size of S’Q provides

s(8'Q) = [IS*QIIS @) I < IS“IIQINQ IS I < ISHIIS IS ™|I.
Additionally, using once again Theorem 1.30, one gets ||S|| = 1, as well as
IS M = [1(S™H M = IS7HIM = s(S)*

and ||S7| = |I(STHY| = [IS7Y|* = s(S)!. Putting this in our previous estimate, it
follows that
s(S'Q) < IISTINS*H IS = s(S)"*s(S)" = s(8).

This contradicts the fact that S is a smallest unitariser for 7. We conclude that such
a @ cannot exist, and thus S'~* is a smallest unitariser for 7;. We are done. O

Actually, the proof also provides a formula for the size of the smallest unitariser
we just found.
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Corollary 3.28. Let 7 be a unitarisable representation of G, and S € U(7x) be
a smallest positive unitariser for 7. Then

s(ST) = s(S)H.

Proof. Using once again Theorem 1.30(i), we compute
s(ST) = 1SS ™H N = SIS T = s(S)

as announced. m|

3.4 Metric properties of uniformly bounded representations

This part is devoted to the interplay between uniformly bounded representations
of a group and the metric structure on £ (H) we defined in Chapter 2.

We start by recording the following.

Lemma 3.29. Let 7 be a representation of a group G, and let 8, be the induced
action of G on P (H). Then the set P(H)Y is metrically convex.

Proof. Let A, B € P(H). Since the action of G preserves the geodesic between A and
B, we have
g O-(AyB’t) = U(g Aag : Bat) = U(A,B,t)

for any g € G and t € [0,1]. Thus o (A, B, t) € P(H)C. O
Furthermore, if 7 is uniformly bounded we have |7|? > ||7(g)||? = |7 (g)7(g)*||
and likewise |7|2 > ||(7(g)7(g)*)7}, for any g € G. Thus the orbit of Idyy € P(H)
under 0,: G X P(H) — P(H) is bounded, as
d(0x(g,1dg), Idg) = || In(7(g) 7 (g)")|
= max(In(||z(g)7()*|)), In(||(z(g)7(2)") "))
< In(|z|?)
for all g € G, using Lemma 2.5. It therefore makes sense to look at the diameter of

the orbit of Id4y.

Definition 3.30. Let 7 be a uniformly bounded representation of a group G. Its
diameter is the diameter of the orbit of Id4; under the action 6,, namely

diam(7) := sup d(g - Idy, A - Idgy).
g,heG
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Since G acts by isometries on P (), this can also be written as

sup d(qu{, g Id«H).
ge@

This observation allows us to easily compute the diameter of a representation in term
of its size.

Proposition 3.31. Let 7 be a uniformly bounded representation of a group G.
Then one has
diam(z) = 2In(|7z]).

Proof. Using Definition 3.30 and Lemma 2.5, we have

diam(7) = supd(Idy, g - Idy)
ge@G

= sup | In(7(g)7(g)")|
geG

= sup max(In(||7(g)7(2)"|), In(/|(z(g)7())~I)
g€

= sup max(In(||7(2)[|*), In(||7(g)"!1*))
ge

=2 sup max(In(||7(g)]), In(l|z(g~ )
ge

= 2supIn(||z(g)Il)
geG

=21In(sup [[7(g)I)
geG

= 2In(|7z)

as we wanted. The proof is complete. O

Beyond its straightforward proof, this result really relates size of a representation
of G with the way on which the orbit of Id¢, sits inside P (). In words, better is the
control on ||, closer to Id¢ is its orbit.

With this explicit formula for the diameter, we can then establish an analog to
Corollary 3.28 for the size of representations.

Proposition g3.32. Let 7 be a unitarisable representation of a group G, with a
smallest positive unitariser S € U(r). Then

el < ||t

for any ¢ € [0, 1].
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Proof. Let ¢t € [0,1]. Equivalently, we establish 2In(|7;|) < 2In(|7z|'™). Appealing
Proposition 3.31, we compute

21In(|7;|) = diam(7;) = sup d(Idyy, 7:(g)7:(g)")

ge@@
= supd(Idy, S~'n(g)S*n(g)*S™)
geG
= sup d(S*, 7(g)S* 7 (g)")
ge@
= supd(S¥, g - S*)
ge@
= sup d(o(Idg, 8%, 1), g - 0(Idg(, S?, )
g€
= Sug d(O.(Id?'{a S27 t)a U(g : Id7’(9g ' 827 t))
g€
< sup((1 —t)d(Idg, g - Idy) + td(S?, g - §?))
ge@

using definitions of the diameter and of 7;, the definition of the action of G on P (H),
the fact that this action preserves d and the geodesics, and Theorem 2.23 for the last
inequality. Now since S € U(x) and is self-adjoint, Lemma 3.23 ensures that SS* = S2
is a fixed point of 8,, so g - S? = S2 for all g € G, and the second term in the last
supremum vanishes. We are left with

(1-¢)supd(Idy, g - Idy) = (1 - ¢$)diam(x) = 2(1 — ) In(|z|) = 2In(|7|*™?)
geG

and thus 21In(|7;]) < 2In(|7|'~?). This completes the proof. O

For the next result, we need a tool from real analysis. Recall that if J C R is an
interval and F = {f;: J — R};c; is a (not necessarily countable) family of functions
defined on «J, F is called uniformly equicontinuous if

Ve>0,36 >0, Viel, Vt,t' €d, [t-t'| <06 = |f;(t) - f;(t)] < e.

Lemma 3.33. If ¥ = {f;: J — R};¢s is uniformly equicontinuous, the function
g:J —R
t —> sup f;(¢)
el

18 continuous on /.

Proof. Let € > 0. By assumption, there exists § > 0, depending only on &, so that
Viel, Vt,t' €d, |t—-t'| <6 = |fi(t) - fi(¥)] < &.
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Fix then ¢,t" € J with |t — | < §. By the above, f;(t) < f;(¢') + € for all i € I, whence
g(t) < g(t’) + €. Exchanging the role of ¢ and ¢’ provides g(¢’) < g(t) + €, and thus
lg(¢) — g(t')] < €. This shows that g is continuous, as wanted. O

In fact, note that our proof even provides the uniform continuity of g.
Additionally, note that if (X, dx) is a metric space, then

|dx (x1,y2) — dx (%2, y1)| < dx(x1,%2) +dx(y1,¥2) (9)

for all x1,x9,y1,y2 € X. Indeed, the triangle inequality implies first that

dx(x1,y2) < dx(x1,x2) +dx(x2,y1) +dx(y1,y2)

whence dx (x1,y2) — dx(x9,y1) < dx(x1,x2) + dx(y1,y2). In the same way, one gets

dx (x2,y1) — dx(x1,y2) < dx(x1,x2) +dx(y1,y2)
yielding
ldx (%1, y2) — dx(x2,¥1)| < dx(x1,x2) +dx (y1,y2).

We will use these two facts in the proof of the proposition below.

Proposition 3.34. Let 7 be a unitarisable representation of a group G with a
smallest positive unitariser S € U (). Then the function

t > |y

1S continuous.

Proof. From the proof of Proposition 3.32, we have

21n(|7;|) = supd(o(Idy, S%,t), g - o(Idyy, S2,t))
ge@

so it is enough to prove that the right hand side is a continuous function on [0, 1].
Invoking Lemma 3.33, it is enough to show that the family of functions over which
we take the supremum is uniformly equicontinuous. Let then £ > 0, and set 6 :=
m > 0. Let g € G, and fix ¢,¢’ € [0,1] with |t — ¢| < §. By (9), it follows that

|d(o(Idgy, S%, 1), g - 0(Idgs, S%, 1)) — d(o(Idg, S%, ¢), g - o(Idg, S%, 1))
< d(o(Idy, 8%, t), o (Idy, S2,¢) +d(g - o(Idy, S%,t), g - o(Idgy, 82, 1))
= 2d(o (Idy, 82, 1), o (Idyy, S?,t'))
= 2||In(S>“9)]|
=4[ In(S)||1t’ - ¢|
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< €&

using the invariance of d under the action of G for the first equality. The second one
is the definition of the metric d, and the third one is Remark 1.40. We deduce, as
explained above, that ¢t — 2In(|m;|) is continuous on [0, 1], so ¢ — || is continuous
on [0, 1] as well. O

3.5 Proof of Pisier’s theorem

In this final part, we make use of all the framework developed above to establish
Pisier’s result, and translate it completely geometrically. At the end, this provides
another characterization of amenability.

The first key observation is the next proposition.

Proposition 3.35. Let G be a unitarisable group. Let (7,),cn be a family of
uniformly bounded representations, so that

sup |7, | < 0.
neN

Then there exists a constant C > 0 and a collection (S},),en With S, € U(7r,) so
that s(S,) < C for any n € N.

Proof. For eachn € N, let 7,,: G — Aut(#,) be a uniformly bounded representation
of G on a Hilbert space H,,. Now, consider the representation

JTZZ@JT,L

on @ H,,. As sup |m,| < oo, m is a uniformly bounded representation of G. As the

neN neN

latter is unitarisable, there exists S € Aut( @ ‘H,) so that S “17(g)S is unitary for

neN
every g € G. In particular, for each n € N, S|y 7,(g)(S™1)| S(H,) 1s unitary for every
g € @G. Fixing an arbitrary unitary equivalence U: S(H,) — H,, it follows that
(US|4,)"1: H, — H, unitarises 7, for any n € N. We thus set

Sn = (Usl?{n)_l
for all n € N, and it follows that

$(Sn) =s((USls,)™h)
= [(USl34,) US4,
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= 1S s, 1S4, I
< [ISMIIS7H
= s(S)

using that U and U~! are unitary. The statement follows setting C := s(S) > 0. O

We can now state and establish one of the main goals of this thesis.

Theorem 3.36. Let G be a unitarisable group.
There exist universal constants a, K > 0, depending only on G, so that for every
uniformly bounded representation 7 of G, there exists S € U(xr) with

s(S) < K|m|“.

Proof. Fix aunitarisable group G. Towards a contradiction, we suppose that the nega-
tion of the claim holds, i.e. for every a, K > 0, there exists a uniformly bounded rep-
resentation 7, g of G so that for every S € U(n), s(S) > K|x|*. In particular, letting
n € N and choosing @ = K = n provides a Hilbert space H,, and a uniformly bounded
representation 7, : G — Aut(H,) so that

s(8) > n|m,|"

for all S € U(r,). By Proposition 3.25, for all n € N, we may pick a smallest unitariser
S, € U(my,), and s(S,) > n|m,|".

We are now going to show that the sequence (7,),cn can be chosen with two prop-
erties:
(1) Yn e N, |m,| <2and (i1) Yn € N, s(S,) > n.

First of all, assume that for a fixed n € N, |7,| > 2. Consider then the representa-
tion 7, ;: G — Aut(H,) defined as

Tnt(8) = 8,'ma(8)S,

for every g € G. The function ¢t — |7, ;| is continuous on [0, 1] by Proposition 3.34,
and takes value |7, 0| = |7,| > 2att = 0 and value |7, 1| = 1att = 1since S, € U(7,).
By the intermediate value theorem, there exists ¢, € (0, 1) sothat |7, | = 2. For 7, ; ,

. . . 1-¢ . .
Lemma 3.27 provides a smallest unitariser S, ", whose size satisfies
1-t 1-¢ n\1-¢ 1-¢ n n
s(Sp ") =s(Sn) " > (n|mal®) T 2 0T M, [P 2 28 > 0

using Corollary 3.28 for the first equality. The first inequality comes from the assump-
tion on s(S,), and the second is Proposition 3.32. Henceforth, in our initial sequence,
we can replace 7, by 7, ;, and this representation now satisfies both (i) and (ii).

On the other hand if |7,| < 2 (so (i) already holds), it is enough to observe that
|7, > 1to get
s(Sy) > n|m,|" > n
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and thus (i1) holds as well.

Hence we just proved that without restriction, we may assume that our sequence
(7n)nen satisfies (i) and (ii) above. We are now in position to apply Proposition 3.35,
and we get a constant C > 0 and a family (T}, : H,, — H,,)nen of bounded operators,
so that T}, unitarises ,, with s(7},) < C for all n € N. Now it follows

C >s(T,) =2s(S,) >n

for any n € N, which is absurd. Thus there must exist @, K > 0 so that, for any
uniformly bounded representation 7, there is S € U () with

s(S) < K|n|*.
This concludes the proof. O

As we saw in the proof of Proposition 3.25, the existence of a smallest unitariser
for a unitarisable representation 7 of the group G is equivalent to the existence of a
fixed point of 6, of norm 1 realizing the distance between Idy and P (H )f.

We now show that we can choose this fixed point conveniently in order to relate its
distance to Id4 with the size of a smallest unitariser.

To this aim, we start by noticing that if a self-adjoint operator T' € B(H) has
spectral symmetry, in the sense that

1
max A= -
Aeoa(T) min A

Aea(T)

then (i) s(T) = ||T||? and, if in addition T is positive, (ii) || In(T)|| = In(||T|).

Indeed, having spectral symmetry simply means that ||T|| = ||T7!||, so s(T) =
ITINT|| = ||T||%. If additionally T is positive, we directly get

In(T)|| = max(In(|T1}), In(||T~*))) = In(IT])
by Lemma 2.5.

We use this observation to prove two auxiliary lemmas.

Lemma 3.37. Let 7 be a unitarisable representation of a group G. If S € U(x),
then there is 7" € P(H)Y so that

d(T’,1d4) = In(s(S)).

[l

Proof. Fix then S a unitariser of 7. Multiplying S by 1 := e > e get an invertible

operator S’ = AS that still unitarises 7, that has the same size as S by Proposition
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3.5(11), and which furthermore has spectral symmetry. By Lemma 3.23, we get a fixed
point
T = 8'(8)* = (18)(A8)* = 12SS*

which has also spectral symmetry, because of the C*—identity and the spectral sym-
metry of S’:

IT'1l = 1S"(S")" Il = IS"I1% = 18"~ 1% = 1(S)THS"™H 1 = 1Tl

Additionally, note that ||T"]| = 22[1SS°|| = B-L|iS|12 = |S]|[IS7Y]| = 5(S) and thus it
follows that
d(T",Idg) = [ In(T") || = In(IT"]]) = In(s(S)).

This establishes the proposition. O

Let us now explain how we pass from arbitrary fixed points to unitarisers.

Lemma 3.38. Let 7 be a unitarisable representation of a group G. If T €
P(H)Y, then there exists S € U(x) so that

In(s(S)) < d(T,Idyy).

Proof. Let T € P(H)C. Applying Lemma 3.23, we find that S = TV/2 is in U(x). But
now we can apply Lemma 3.37 to find a fixed point 7" with

d(T",1dg) = In(s(S))

and additionally the proof of Lemma 3.37 gives us the exact procedure to follow to
recover 7”. In particular, 7" has spectral symmetry. Henceforth, we are left to show
that

d(7T',1dy) < d(T,1dg). (10)

The left-hand side is In(||7”||), while the right-hand side is max(In(||T|), In(||T71])).
To establish (10), we then distinguish two cases:

@ |T7Y < |IT)| and Gi) |77 = ||

(1) In that case, we must see In(||7”||) < In(||T']|), or equivalently ||T”|| < ||T|| (as
In: (0,00) — R is increasing). We reformulate this inequality using the definition of
S and the construction of 7/ coming from the proof of 3.37:

1T < T = IT")| < ITY2(T3/2)"|
= A|IS|I* < ISII?
= 1?<1

= IS~ < ISl
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But this last inequality holds, since
IS~ = 1Y)~ = 1T H Y2 < T2 = 1T = 1S
using (i1) and (ii1) of Corollary 1.44. This proves (10) in the case (i).

(ii) Now assume that ||T71|| > ||T||. This time, we must show that In(||T”||) <
In(||T71]), or equivalently ||T’|| < ||T~!||. We proceed exactly as in the previous case,
and we get

IT'|| < IT7H = 17|l < IT72(@ )|
= A?|IS|1* < |T7V2?
= 2*|IS|I> < IS7)1?

1S~
S]]
= ISl < [IS7MI.
Here again, this last inequality holds since
ISI = ITY2)1 = 1T < |72 = |72 = 1871

This proves (10) in the case (i1), and finishes the proof. O

ISII* < 1S~

We can now combine these two lemmas to obtain the following.

Proposition 3.39. Let 7 be a unitarisable representation of a group G, and let
S € U(x) be a smallest unitariser. Then there exists a fixed point 77 € P (H)%
so that

d(T",1dg() = d(P(H)%, Idg) = In(s(S)).

Proof. Let then 7 be a unitarisable representation of a group G. From Lemma 3.38,
it follows that

inf d(T, IdrH)> 1nf In(s(S))
TeP(H)G U(m)

and from Lemma 3.37 we get

inf  d(T, IdrH)< 1nf In(s(S)).
TeP(H)C U(r)

Thus the two infimum coincide. Now, choose a smallest unitariser S of 7. Apply
Lemma 3.37 to get a fixed point 7" so that

d(T’,1d4) = In(s(S)).

As S minimizes sizes of unitarisers of 7, it also minimizes the logarithm of the sizes
of unitarisers of 7, so

d(T’,1dy) =In(s(8)) = inf In(S)= inf d(T,Idy) = d(P(H)%, 1dy)
SeU () TeP(H)G

and the claim follows. |
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This result translates Pisier’s theorem geometrically.

Corollary 3.40. Let G be a unitarisable group.
There exist universal constants C € R, a > 0, depending only on G, so that for
any uniformly bounded representation 7 of G, one has

d(P(H)C, Tdg) = A(P(H)C, O,,) < C + gdiam(ﬂ).

Proof. Fix G a unitarisable group, and consider the two constants a, K > 0 given by
Theorem 3.36. Let 7 be a uniformly bounded representation of G. The first equality is
a direct consequence of the invariance of the metric d under the action of Aut(H) on
P (H) (Proposition 2.6):

d(P(H)% Ow,) =  inf  d(T,0,(g,1dy))
g€G, TeP (H)C

- inf  d(0,(g7 % T),1dy)
g€G, TeP(H)C

= inf d(T,Idg)
TeP(H)C

= d(P(H)%, 1dy).

Let now S be a smallest unitariser for 7. By Proposition 3.39, d(P(H)%,1dy) equals
In(s(S)). Hence

d(P(H)%,1dy) = In(s(S)) < In(K|7|%) =In(K) + aIn(|7|) = In(K) + %diam(ﬂ)

using s(S) < K|x|* for the upper bound and Proposition 3.31 for the last equality. We
then set C := In(K) and we are done. O

In [25], Pisier showed that a discrete group G is amenable if and only if Theorem
3.36 holds with K = 1 and a = 2. Putting these values in Corollary 3.40, we obtain
that a group G is amenable if and only if

d(P(H)%, On,,) < diam(7)
for any uniformly bounded representation 7 of G. Hence, letting

X, ={T e P(H) : (T, Orq,,) < diam(O1q,,)}
={T e P(H) : (T, Orq,,) < diam(m)}

we obtain another characterization of amenability.

Corollary 3.41. A group G is amenable if and only if X, NP (H)C # 0 for every
uniformly bounded representation 7 of G.
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With this characterization, Dixmier’s problem is turned as:

Is it true that X, NP ()Y is not empty, for every uniformly bounded representation
of a unitarisable group G?
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A. General topology

In this part we proceed to recalling general background material from general
topology.
The first definition we may recall is that of a topology on a set.

Definition A.1. Let X be a set.
A topology on X is a collection 7 of subsets of X so that

G 0,X €.
(11) If {U,;}ics is a family of elements of 7, then U U, er.
el

(1) IfU;,Ug e 7,then U1 N U2 € 7.

A set equipped with a topology 7 is called a topological space, and the elements of
7 are called the open subsets of X.

Example A.2. (1) If X is a set, then 745 = Ps(X) is a topology on X, called the discrete
topology. For this topology, all subsets of X are open. Likewise, the family 7y, = {0, X}
also forms a topology, called the trivial topology.

(11) If 71 and 79 are both topologies on X, then 71 N 79 1s a topology on X.
(ii1) If (X, 7x) is a topological space, and Y C X, the collection
y :={UNY :U € 1x}

is a topology on Y. Indeed, as ® = 0 NY, Y = X NY and 0,X € 7x, we see that
0,Y € 1y. If V1,Vy € 7y, we may write V1 = U1 NY, Vo = Us NY for some Uy, Us € 1x
and it follows that

VlﬂVQI(UlﬁY)ﬂ(UzﬂY)Z(UlﬂUz)ﬂY.

As 7x is a topology, U1 N Us € 7x and we deduce V1 NV, € 1y. Lastly, if {V;}cris a
collection of elements of 7y, we write V; = U; N Y with U; € 7x for each i € I and thus

UVi = U(UimY) = (UUi) ny.
el el el
Since 7x is a topology, we see that U U; € tx, whence U V; € 1y, as wanted. Hence

el el

Ty 1s a topology on Y, called the induced topology.

If 71 and 79 are two topologies on a set X, we say that 77 is smaller than 79, or that
Tg 18 larger than 71, if 71 C 79. This relation is an order relation on the set of topologies
of X.
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Let (X, 7) be a topological space. A subset F C X is closed if X \ F is open, and for
x € X asubset V C X is called a neighbourhood of x if there exists an open set U C X
sothatx e U C V.

From the definition, an open set is a neighbourhood of any of its elements. Con-
versely, if U C X is a neighbourhood of any of its elements, then for any x € U, we find
an open set U, C X so that x € U, c U. This implies that U itself is open, as

U:UUx.

xeU
For A c X, its interior 1s the subset A° defined as
A° := {x € X : A is a neighbourhood of x}
and its closure is

A :={x € X : X\ A is not a neighbourhood of x}.

Directly from the definitions, we have A° C A C A, and we may define the boundary
of A as dA := A\ A°. Lastly, a subset A C X is called dense in X if A = X.

Now we know the objects, we turn to the morphisms of the theory.

Definition A.3. Let (X, 7x) and (Y, 7y) be two topological spaces.
Amap f: X — Y is continuous if f~1(U) € 7x for all U € 1y.

Here are examples that follow from the definition.

Example A.4. (1) For any topological space (X, 7x), the map Idx: (X, 7x) — (X, 7x)
is continuous. If 7; and 75 are different topologies on X, Idyx: (X,71) — (X, 19) is
continuous if and only if 79 C 77.

(i1) Any constant map is continuous. Indeed if f: X — Y is so that f(x) = y for any
x € X and some yy € Y, then for U c Y open, f~1(U) is either empty or equal to X,
and these subsets are open with respect to any topology on X.

(111) If X carries its discrete topology, any map f: X — Y is continuous. Likewise,
any map between X and Y is continuous if Y carries its trivial topology.

(iv) The composition of two continuous maps is a continuous map. Suppose indeed
thatf: (X, 7x) — (Y, 1v), g: (Y, 17y) — (Z, 17) are both continuous and fix U € 1.

We have
(go )W) =F1g ()

and the continuity of g ensures that g~1(U) € 7y. Continuity of f now ensures that
f (g X(U)) € 7x, whence g o f is continuous.

As the definition of continuity involves inverse images of open sets, and as inverse
images are compatible with the complement, a map f: X — Y between two topo-
logical spaces is continuous if and only if f~1(F) is closed in X for any closed subset
FcY.
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Continuity can also be formulated locally, via neighbourhoods of points.

Proposition A.5. Let (X, 7x), (Y, 7y) be two topological spaces.
A map f: X — Y is continuous if and only if, for any x € X, if V is a neighbour-
hood of f(x) € Y, f~1(V) is a neighbourhood of x € X.

Proof. Suppose first that f is continuous. Let x € X, and fix V a neighbourhood of f (x)
in Y. Hence there is U € 7y so that f(x) € U c V. This implies x € f~1(U) c f~1(V),
and as f is continuous, f~1(U) € 7x. This proves that f~1(V) is a neighbourhood of x,
as wanted.

Conversely, fix U € 1y, and let x € f~1(U). Then f(x) € U, and U is a neighbour-
hood of f(x), so by the assumption we deduce that f~1(U) is a neighbourhood of x.
This proves that f~1(U) is a neighbourhood of any of its elements, which means it is
an open set in X. Hence f is continuous, and we are done. ]

We can now introduce the isomorphisms of the theory.

Definition A.6. Let X,Y be two topological spaces.
Amap f: X — Y is a homeomorphism if f is continuous, bijective, and f~! is
continuous.

When there is a homeomorphism between X and Y, we say that X and Y are homeo-
morphic, and we note X = Y. This is an equivalence relation on the class of topological
spaces.

We now turn to study a huge class of topological spaces, that plays a central role
in general topology, namely metric spaces.

Definition A.7. Let X be a set.
A metricon X isamap dy: X Xx X — [0, o) so that
(1) dx(x,y) = 0if and only if x = y.
(1) dx(x,y) =dx(y,x) for any x,y € X.
(1i1) dx(x,2) < dx(x,y) +dx(y,z) for any x,y, z € X.

Property (i1) above is called the symmetry of dx, while (iii) is the triangle inequality.
A set X equipped with a metric is called a metric space.

Given a metric dx on a set X, we denote By, (x,r) the ball of radius r > 0 centered
at x € X, defined as
By, (x,r) :={y € X : dx(x,y) <r}.
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Example A.8. (1) If X is a set, themap d: X XX — [0, o) sending (x,y) to0ifx = y
and 1 otherwise, is a metric, called the discrete metric.

(i) If X =R",n > 1,and p € [1, ), we can define a metric d, on R” by the formula

n 1/p
dp (x,y) = (Z Joc; — yil”)
i=1

forx = (x1,...,%,),y = (¥1,...,yn) € R™. The case p = 2 corresponds to the euclidean
metric. We can also define d, for p = oo, by

doo (x5, ¥) = max |x; — y;
1<i<n
forall x = (x1,...,%,),y = (¥1,...,yn) € R,

A metric dx on X induces a topology 74, on X, by declaring that a subset U C X is
in 74, if for any x € U, there exists r(x) > 0 so that Bg, (x,7(x)) c U.

For this topology, if x € X and r > 0, the ball Bq, (x,r) is open: if y € Bg,(x,7),
then r’ :=r —dx(x,y) > 0, and Bq,(y,7’) C Bg,(x,r). Indeed if z € Bq, (y,r’) then
dx(z,y) < r’ whence

dx(z,x) < dx(z,y) +dx(y,x) <r'+dx(x,y) =7

using the triangle inequality and the symmetry of dx. Bq, (x,r) is then called the open
ball of radius r > 0 around x € X. Likewise, if x € X and r > 0 the set

B:lx(x,r) = {y € X: d(x,y) < 7'}

is closed in X. It is the closed ball of radius r > 0 around x € X.

Moreover, two metrics dx, d, on a set X are equivalent if there exists c¢,c’ > 0 so
that

cdx(x,y) < dx(x,y) < c'dx(x,y)
for any x,y € X.

Proposition A.g. If dx and d}; are equivalent, then 74, = Td,.-

Proof. If the two metrics are equivalent and ¢, ¢’ > 0 are as above, we have
By, (x,cr) € By (x,r) C By, (x,¢r)

for any x € X and r > 0. Now fix U € 74,. For any x € U, we find r(x) > 0 so
that Bg, (x,r(x)) C U. By the left most inclusion above we deduce Bg, (x,cr(x)) c U,
which implies U € Tq, - Hence 74, C Tg, - The same game using the other inclusion
above shows Ta, C Tdy, and thus 74, = Tq, - O

Now, let us prove the following characterization of continuity for maps between
metric spaces.
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Theorem A.10. Let (X,dy), (Y, dy) be two metric spaces.
A map f: X — Y is continuous if and only if for any x € X, for any € > 0, there
is 0 > 0 so that if x” € X satisfies dx(x,x") < §, then dy (f(x),f(x")) < €.

Proof. Suppose first that f is continuous, and fixx € X, € > 0. By Proposition A.5, this
means that for any neighbourhood V of f(x) in Y, f~1(V) is a neighbourhood of x in X.
In particular, for V = By, (f(x), €), f (V) is a neighbourhood of x in X. It follows that
there exists § > 0 so that Bq,(x,8) C f~1(Ba,(f(x), €)). This last inclusion exactly
means that if x’ € X is such that dx(x,x") < J, then dy (f(x), f(x’)) < &, which proves
one direction.

Conversely, fix x € X and V C Y a neighbourhood of f(x). This implies there
exists € > 0 with By, (f(x),e) C V. Using the assumption, we find 6 > 0 so that
dy(f(x),f(x")) < eifdx(x,x") < &, or equivalently so that

Bay (x,68) C [ (Bay (f (%), €)).

As fY(Bgy (f(x),€)) € f~1(V), we proved there exists § > 0 so that x € Bq,(x,6) C
F~1(V). We deduce that f~1(V) is a neighbourhood of x in X. As x € X was arbitrary,
Proposition A.5 implies that f is continuous. O

In this formulation of continuity, the 6 we found after fixing £ > 0 and x € X may
depend on both € > 0 and x € X. It is sometimes useful to find a uniform 6, the
same for any point x in X, and that depends only on the particular € > 0 we fixed
beforehand. This leads to the following terminology: a map f: (X,dx) — (Y,dy)
between two metric spaces is uniformly continuous if for any £ > 0, there is § > 0 such
that if x, x” € X satisfy dx(x,x’) <, then dy (f(x), f(x’)) < €.

Two remarks are in order here. Firstly, from this definition, any uniformly continu-
ous map is continuous. Secondly, and in contrast with the notion of continuity, uniform
continuity is a metric notion, and has no natural analog for more general topological
spaces.

If £ > 0, an application [ : (X,dx) — (Y, dy) between two metric spaces is called
k—Lipschitz if

dy (f (x), f(x')) < kdx(x,x")
for any x,x” € X. Such a map is automatically uniformly continuous, as for a fixed
€ > 0, it suffices to choose § := 7 > 0in the above definition. In particular, £—Lipschitz
maps are continuous.

If (X,dx), (Y, dy) are two metric spaces, an isometry between X and Y is a surjec-
tive map f: X — Y so that

dy (f (%), f(x")) = dx (x,x)

for all x,x” € X. This condition implies that f is injective, because if x,x” € X are so
that f(x) = f(x’), we get

dx (x,x") = dy (f (x), f(x)) = 0
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so x = x’, and uniformly continuous, because 1-Lipschitz.

Here is a useful characterization of uniformly continuous maps.

Proposition A.11. Let (X, dy), (Y, dy) be two metric spaces.
A map f: X — Y is uniformly continuous if and only if there exists an increas-
ing function F': [0, ) — [0, o] so that F(0) =0, F(t) —» 0 as¢t — 0, and

dy (f (%), f(x")) < F(dx(x,x"))

for all x,x” € X.

Proof. To begin, assume that such a function F' exists, and let us show that f is uni-
formly continuous. Fix € > 0. The fact that F(¢) — 0 when ¢ — 0 readily means there
exists 0 > 0 (depending only on ¢) so that ¢t < 6 implies F(¢) < €. In particular, for
x,x’ € X with dx(x,x") < §, we get

dy (f (%), f(x")) < F(dx(x,x")) < €

whence f is uniformly continuous.

Conversely, assume that f is uniformly continuous, and set
F(t) := sup{dy (f(x), f(x")) : dx (x,x") <t}
for all ¢ € [0, ). From this definition, F is positive, increasing, satisfies F(0) = 0 and
dy (f(x), f(x)) < F(dx(x,x))

for all x,x” € X. Lastly, let £ > 0. The uniform continuity of f provides 6 > 0 so that
x,x' € X, dx(x,x") < 6 = dy(f(x),f(x)) < &.

Now, if ¢ € [0, 00) is so that £ < §, then
F(t) = sup{dy(f(x), f(x)) : dx(x,x") < ¢} <e.

Thus F(¢) — 0 when ¢ — 0, concluding the proof. O

When f is uniformly continuous, a function F' as in the proposition is often called
a modulus of continuity of f.

Definition A.12. Let X be a metric space and A C X.
Its diameter is defined as

diam(A) := sup dx(x,y)
x,yEA

and we say that A is bounded if diam(A) < oo.

128



Master thesis General topology

Moreover, if A, B C X and x € X, the distance between x and A is defined as

dx(x,A) := inf dx(x, a)
acA

and the distance between A and B is dx(A, B) := inf dx(a,b).
a€A, beB

As we will see below, metric spaces have a lot of useful topological properties. This
motivates to ask whether all topological spaces are in fact metric spaces, and if not,
which spaces still have a topology arising from a metric.

Definition A.13. A topological space (X, 7x) is called metrisable if there exists
a metric dx on X so that 7x = 74,.

Example A.14. (1) Obviously, any metric space is metrisable.

(i1) A discrete space is metrisable, since the discrete metric induces the discrete topol-
ogy.

The goal of the next definition is to provide an efficient way of putting a topology
on a space without describing all open subsets.
Definition A.15. Let (X, 7x) be a topological space.

(1) A subset B C 7x is a basis for 7x if any element of 7x is a union of elements
of B.

(11) A subset S C 7x 1s a subbasis for 7x if the set
B:={S1Nn---NnS,:n>1,84,...,S, €8}

1s a basis for 7x.

Example A.16. (i) For any set X, 8 := {{x} : x € X} is a basis for the discrete topology
on X.

(i1) For any set X, B := {X} is a basis for the trivial topology on X.
(i) If (X, dx) is a metric space, the set
B :={Bg,(x,r):x € X, r >0}

is a basis for 74,. Indeed, if U € 14, then for any x € U, there is r(x) > 0 so that
Bg, (x,r(x)) € U. This implies

U =| ) Bay(x,r(x))

xeU

whence B is a basis.
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A priori, if X is a set, an arbitrary subset of P;(X) has no reason to be a basis or
a subbasis for a topology on X. There are necessary and sufficient conditions to check
this is the case. Here they are.

Proposition A.17. Let X be a set, and B C Ps(X).
B is a basis for a topology on X if and only if the following hold:

(DX:UB.

Be&B

(i1) For any B1,By € 8B, for any x € Bi N By, there exists B € B so that
x € B C B1 N Bs.

In particular, S C Ps(X) is a subbasis for a topology on X if and only if

x=|Js.

SeS

Proof. Let us assume first that 8 C P5(X) is a basis for a topology on X, i.e. the
collection 7 of all unions of elements of 8B is a topology on X. In particular, X € 7, so
X is a union of elements of B, which establishes (1). To prove (i), let By, Bo € 8 and
x € By N By. In particular, By, By € 7, which 1s closed under finite intersections, so
B1N By € 1. Thus B1 N By is a union of elements of B, and in particular we may choose
B € B so that x € B ¢ B; N By. This shows (11).

Conversely, assume that (i) and (i1) holds. We show that the collection 7 consisting
of union of elements of B is a topology on X. Firstly, (i) immediately implies that
X € 1, and by convention () is the empty union, so @ € 7. Point (i1) in Definition A.1
is obvious, as a union of union of elements of B is a union of elements of 8. We are
thus left to show that 7 is closed under finite intersections. Let then U1,Us € 7. By

definition of 7, we may write
U, =| B, Uz =| | B,
1€l jed

for two arbitrary collections {B;}icy, {B;} jes of elements of B. It follows that
UinNnU; = U (B; ﬂB;-).
1€l, jed

Now fix x € U; NUs. Then thereisi € I,j € J withx € B; N B;., and assumption (ii)
ensures there is B(x) € 8 sothat x € B(x) C B; N B;.. We conclude that

Uy N U,y = U B(x)

xeU1NUy
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which exhibits U; N Uy as a union of elements of B, i.e. Uy NUs € 7. Hence 7 is a
topology on X, as claimed.

The last statement about subbasis is an immediate consequence of Definition A.15
and the equivalence criteria we just proved for basis. ]

When 8 ¢ P¢(X) is a basis for a topology on X, we denote this topology as 7, and
we say it is generated by B.

A topological space is said to be second countable if its topology has a countable
basis.

Basis and subbasis are useful to reduce the workload of many checks with topo-
logical spaces. For instance, if S is a subbasis for a topology 7y on a set Y, a map
f:(X,7x) — (Y, 1y) is continuous if and only if f71(S) € 7x for any S € S, as
unions and intersections of sets are preserved by inverse images. Likewise, if 8 and
B’ are two basis on a set X, g C 74 if and only if for any x € X and any B € B
containing x, there is B’ € B’ so that x € B’ C B.

As for continuity, we can also consider local basis, around a fixed point x € X in a
topological space.

Definition A.18. Let X be a topological space and x € X.
A set B, of neighbourhoods of x is a basis of neighbourhoods for x if, for any
neighbourhood V of x, there is B € 8, sothatx € BC V.

Let us illustrate this definition in our running examples.

Example A.19. (i) If X is a discrete space, then 8B, := {{x}} is a basis of neighbour-
hoods for x € X.

(i1) If X is a trivial space, B, := {X} is a basis of neighbourhoods for any x € X.

(i11) If (X, dx) is a metric space and x € X, then
By = {de(x>r) :r >0}
is a basis of neighbourhoods for x € X.

Furthermore, we say that X is first countable if any x € X has a countable basis
of neighbourhoods. As a corollary to Example A.19(iii), we get that any metric space
(X, dyx) is first countable, because

1
B, = {Bay (x,;) :n > 1}
is a countable basis of neighbourhoods of x, for any x € X.

Let us now turn to the concept of convergence in a topological space, extending the
one we know for sequences of real numbers. Recall that a sequence (x,),en In a set X
isamap N — X.
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Definition A.20. Let (X, 7x) be a topological space, and x € X.
A sequence (x,),en converges to x in X if for all U € tx with x € U, there exists
N eNsothatn >N = «x, € U.

If a sequence (x,),en converges to a point x € X, we denote x,, — x.

From this definition and the one of a basis of neighbourhoods for a point x € X, it
follows that if B, is a basis of neighbourhoods for x, a sequence (x,),en 1n X converges
to x if and only if for any B € B,, there exists N € N so thatn > N = «x, € B.

Likewise, if the topology 7x comes from a subbasis S, a sequence (x,),cn converges
to a point x € X if and only if for all S € S with x € S there exists N € Nsothatx, € S
foralln > N.

Example A.21. (1) Suppose that X is a discrete space. Letting x € X and applying
Definition A.20 with the open set U = {x}, we see that if a sequence (x,),cy converges
to x € X, there exists N € N so that x,, = x for all n € N, forcing the sequence to be
in fact constant when n is large enough. Conversely, such sequences are convergent.
Hence a sequence (x,),en in X converges if and only if it is eventually constant.

(i1) In sharp contrast, if X is equipped with its trivial topology, the definition of con-
vergence is satisfied for any sequence (x,),cn and any point x € X. Thus all sequences
converge to all points in X.

(i11) Suppose that (X,dx) is a metric space, and let x € X. We saw that B, :=
{Bay(x,€) : € > 0} is a basis of neighbourhoods of x, so applying the above remark,
a sequence (x,),en converges to x if and only if for any € > 0, there is N € N so that
n>N = dx(x,,x) < €.

Point (i1) in this example illustrates a phenomenon we typically want to avoid, as
in R. We introduce then a new class of spaces.

Definition A.22. A topological space (X, 7x) is Hausdorff if for any pair of dis-
tinct points x,y € X, there exists U,V € txy withx e U,y e VandU NV = 0.

When such open sets exist for two points x,y € X, we say they separate x and y.
As from the beginning, we first investigate this property in our favorite examples.

Example A.23. (i) Any discrete space X is Hausdorff: for x # y € X, it suffices to
consider U = {x} and V = {y}.

(11) On the other hand, if X carries its trivial topology, then X is Hausdorff if and only
if | X]| < 1.
(iv) If (X, dx) is a metric space, it is Hausdorff. For x # y € X, consider U := By, (x, €)

and V := By, (y, €), where € := w > 0. U and V are both open, contain x and y re-

spectively, and are disjoint. This shows in fact that any metrisable space is Hausdorff.
In Hausdorff spaces, there is indeed uniqueness of limits of convergent sequences.
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Proposition A.24. Let X be a Hausdorff space.
If (x,)neny € X converges tox € X and toy € X, then x = y.

Proof. We prove the contrapositive. Assume that x # y and that x, — x. We show it
cannot converge to y. By hypothesis, X is Hausdorff, and x # y, so we find two open
setsU andV sothatx e U,y e Vand U NV = 0. Since x,, — x, there exists N € N so
that n > N = x,, € U. The fact that U and V are disjoint then implies that x,, ¢ V
for all n > N, and in particular (x,),cn cannot converge to y € X. This finishes the
proof. O

We will see below that the converse holds under the additional assumption of first
countability. Before proving this result, we introduce one last concept related to con-
vergent sequences and continuity.

Definition A.25. Let X,Y be two topological spaces.
Amapf: X — Y is sequentially continuous in x € X if for any sequence (x,),en
withx, - xin X, f(x,) - f(x)inY.

Moreover, we call f sequentially continuous if it is sequentially continuous inx € X
for any x € X.

The following lemma is a direct consequence of the definitions.

Lemma A.26. Let X,Y be two topological spaces.
If f: X — Y is continuous, then f is sequentially continuous.

Proof. Suppose that f is continuous, and let x € X. Consider a sequence (x,),en in X
with x,, — x, and an open set V C Y so that f(x) € V. It follows from the continuity of
f that f~1(V) is open in X. Now x € f~1(V), so by the definition of convergence, there
exists N € Nsothatx, € f~1(V)foranyn > N, and thus f(x,) € V foranyn > N. This
establishes that (f (x,)),en converges to f(x) in Y, whence f is sequentially continuous
in x. As this holds for any x € X, f is sequentially continuous. O

Here also, it 1s natural to ask whether the converse holds or not. The answer will
also come from a countability assumption on X. To prove this result, we require an
auxiliary lemma.

Lemma A.27. Let X be a first countable topological space.

Any x € X admits a countable and decreasing basis of open neighbourhoods, i.e.
a countable basis of neighbourhoods B, = {B, },en so that B, is open in X and
B,.1 C B, for every n € N.

Moreover, any sequence (x,),en in X with x, € B, for all n € N converges to x.
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Proof. Let x € X. As X is first countable, choose a countable basis of neighbourhoods
B, = {B)}nen of x. For any n € N, there is a open set B, C B), containing x, and thus
B, := B{N---N By, n € N, provides a countable basis of open neighbourhoods of x
which is decreasing.

For the second claim, fix a sequence (x,),eny With x, € B, for any n € N. As we
just proved, we can assume that the sequence {B, },cn 1s decreasing, and thus for any
m € N, we see that x,, € B,, C B,, for all n > m. By the remark following Definition
A.20 we conclude that x,, — x as n — o0, and we are done. O

Without any delay, let us provide answers to the two previous questions.

Theorem A.28. Let X be a first countable topological space, and Y be a topo-
logical space. Then

(1) X is Hausdorff if and only if any convergent sequence in X has a unique
limit.

(i1) Amap f: X — Y is continuous if and only if it is sequentially continuous.

Proof. (i) One direction is Proposition A.24. For the converse, assume that X is not
Hausdorff. This means we may find two points x # y in X so that for any pair of
open sets U,V withx e Uandy € V, UNV # (. As X is first countable, Lemma
A.27 ensures we can pick two countable decreasing bases of open neighbourhoods 8, =
{Bn(x)}nen, By = {Bn(¥)}nen for x and y respectively. Then B, (x) N B,(y) # 0 for all
n € N, so choose x,, € B,(x) N B,(y), n € N. By Lemma A.27, x, — x and x,, — ¥y, and
this concludes the proof of (i).

(i1) One direction is Lemma A.26, and for the converse we proceed as in (i). Assume
that f is not continuous. By definition, we find an open set U c Y such that f~1(U)
is not open in X. This implies we may find x € f~1(U) with the property that for
any neighbourhood V of x, V ¢ f~Y(U). In particular, for B, = {B,}nen a countable
decreasing basis of open neighbourhoods of x, we must have B,, ¢ f~1(U), and we can
then choose x,, € B, \ f~1(U), for any n € N. By Lemma A.27, x, — x, but we do not
have f(x,) — f(x). This shows that f is not sequentially continuous, and finishes the
proof of the theorem. O

Let us now focus on the notion of compactness for topological spaces. To formulate
the definition, we need a terminology: if X is a topological space, an open covering of
X is a family {U, };c; of open sets in X so that

X:UUL‘~

el
We say an open covering {U,};c; admits a finite subcovering if there exists a finite
subset J C I so that
x=|Ju;
jed
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Definition A.29. A topological space X is compact if any open covering of X
admits a finite subcovering.

IfY c X is endowed with the topology induced by that of X, it is compact if for any
family {U,};cs of open sets in X so that Y c (J;c; U;, there exists J C I finite so that

YC UJEJUJ

Example A.3o. (i) If X has only a finite number of open sets, then X is compact. In
particular, if X is finite, any topology on X has at most |7gisc| = |Ps(X)| = 2% open
sets, so X is compact for any of its topologies.

(i1) It follows from (i) that any set X with its trivial topology {0, X } is compact.

(i11) On the other hand, a discrete space X is compact if and only if it is finite. Indeed,
if it 1s finite, it is compact by (i). If it is infinite, {{x} : x € X} is an open covering of X
without any finite subcovering.

(iv) The space X = R with its usual topology is not compact, since {(n—1,n+1) : n € Z}
is an open covering of R without any finite subcovering.

We provide now a list of general properties of compactness.

Proposition A.31. Let X be a compact topological space, and let Y c X. IfY is
closed in X, then Y is compact.

Proof. Consider a family {U; };c; of open sets of X with
Y C U U;.

AsY isclosedin X, X \ Y is openin X, so {X \ Y} U {U; };cr is an open covering of X.
Since X is compact, we find i1, ...,1, € I so that

XC(X\Y)UUilU--'UUim.

Thus we conclude thatY c U;; U---U U, ,andY is compact. m|

The next proposition shows that the converse holds if the ambient space is Haus-
dorff.

Proposition A.g2. Let X be a topological Hausdorff space, andletY c X. IfY
is compact, then Y is closed in X.
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Proof. Letx € X \Y. Foreachy € Y, x # y, and since X is Hausdorff, we find two
open sets U,,V, of X sothatx € U,,y € V, and U, NV, = 0. The collection {V, },cy is
an open covering of Y, which is compact, and we therefore find y1,...,y,, €Y so that

YcV,uU---uUV, .

Consider now U :=U,, N---NU,, .Itis an open setin X as an intersection of finitely
many open sets in X. It contains x asx € U,,, for alli = 1,..., m. Lastly, one has

m m
uny=un(V, u---uUv,,) = U(Umvyi) C U(in NVy) =0
=1 =1

using that Uy, NV, = O foralli = 1,...,m. Hence U ¢ X \Y. Thus X \ Y is a
neighbourhood of any of its elements. This implies it is an open set in X, and Y is
therefore closed in X. O

The result to come ensures that compact spaces enjoy the finite intersection prop-
erty.
Proposition A.33. Let X be a topological space. The following are equivalent.
(1) X is compact.

(i1) If {F;};cs is a collection of closed subsets of X so that ();c; F; = 0, then there
exists a finite subset J C I so that (s F; = 0.

(ii1) If {F;};es is a collection of closed subsets of X so that (s F; # 0 for any
finite subset J C I, then (), F; # 0.

Proof. (i1) < (iii) is clear since one statement is the contrapositive of the other. We
are thus left to prove (1) & (11).

(1) = (11) : Suppose X compact, and take {F;};cr a collection of closed subsets of X so
that (;c; F; = 0. For alli € I, let U; = X \ F;, which is open in X since F; is closed.

One has then .
X =0° = (ﬂF) = Ju
1€l 1€l
and since X is compact, there exists J C [ finite such that X = (Jc; U;. But then
c
0=X= (UUJ) =(Us=(F;
jed jed JjeJ

which establishes (i1).
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(i1) = (1) : Take {U;};cr an open covering of X, so X = |J;;U;. This implies () =
Mier U7, and U; is closed for all i € I. By hypothesis, there exists J C I finite so that
0=jes UJ‘:’, and we get

x = Ju

JeJ

which means X is compact, as desired. O

From the following theorem one can prove that compactness is a topological invari-
ant, i.e. is preserved by homeomorphisms.

Theorem A.34. Let X be a compact topological space, and Y a topological space.
If f: X — Y is continuous, then f(X) C Y is compact.

Proof. Let {U,;};cr be an open covering of f(X) C Y, i.e. a family of open subsets of Y

so that
f(x)c| Ju
1el

As f is continuous, f~1(U;) is open in X for all i € I. Moreover we have the equalities

X =) c f'l( g Ui) -t

1€l el

so {f1(U;) };cr is an open covering of X. By compactness of X, there exists i1, ...,in €
I so that
X=fUy)v-Vf U,

and this implies f(X) c U;, U--- U U, . Hence f(X) is compact, as announced. O

We close this part by defining and studying sequential compactness, which is closely
related to compactness. For this, recall that if (x,),cn 18 a sequence in a topological
space X, a subsequence of (x,),cn is a sequence of the form (x(n))neny Where : N —
N is a strictly increasing map.

Definition A.g5. A topological space X is sequentially compact if any sequence
in X has a convergent subsequence.

Example A.g6. (i) A finite space X is sequentially compact. Indeed, if (x,),cn 18 a se-
quence in X and |X| < oo, it must contain a constant subsequence, which is convergent
for any topology on X.

(11) A discrete space X is sequentially compact if and only if it is finite. Indeed if X is
finite, it is sequentially compact by (i). Conversely, if X is infinite, there is a sequence
in X consisting of distinct elements, and such a sequence cannot have a convergent
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subsequence, because convergent sequences in a discrete space are eventually constant
(by Example A.21(1)).

(i11) The space X = R with its standard topology is not sequentially compact, as for
instance the sequence x, = n, n € N, does not have a convergent subsequence.

Here is our main result on sequential compactness.

Theorem A.g7. If X is compact and first countable, then X is sequentially com-
pact.

Proof. Let us assume that X is first countable and compact. Fix a sequence (x,)nen
in X. We first claim that (x,),en has an accumulation point, i.e. there exists y € X
so that for any open set U € X with y € U, U contains infinitely many terms of the
sequence (x,)neN-

We prove this claim by contradiction. Suppose that for any y € X, there is an
open set U, C X and an integer N, so that y € U, and x, ¢ U, for all n > N,.
The family {U, },cx forms an open covering of X, which is compact, and we thus find
Y1,---,Ym € X withX =U, U---UU, . By assumption, foreachi=1,...,n,U,, can
contain only finitely many terms of the sequence (x,),cn, which has thus only finitely

many terms, a contradiction. Hence (x,),cn has an accumulation point y € X.

As X is first countable, we can choose a countable basis of neighbourhoods 8, =
{By }nen of y, and we may assume B,, to be open for all n € N and the sequence to be
decreasing, by Lemma A.27. As y is an accumulation point for (x,),en, B contains
infinitely many terms of the sequence, for all n € N. We can then choose (xy(s))nen @
subsequence of (x,)nen With x4,y € B, for all n € N. By Lemma A.27, this sequence
converges to y € X, which concludes the proof of the theorem. |

As metric spaces are first countable, we deduce from this result that compact metric
spaces are sequentially compact.

To end this appendix, we describe two useful methods to create topologies, on a set
or on a product of sets.

The first method is the following: let X be a set, and let ¥ := {f: X — Y} be
a family of applications with source X. Assume that Y is a topological space for any
f € ¥. We define the initial topology 0(X,¥) on X to be the topology generated by
the subbasis

Br ={fYU):feF,Uc Y; open}.

From this definition, it appears that (X, ¥) is the smallest topology on X so that
each f € ¥ is continuous. This observation provides a characterization to describe
continuous maps with target space X.

Proposition A.38. Let X be a set endowed with an initial topology o (X, ).
Let Z be a topological space. Then a map g: Z — X is continuous if and only
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if f og: Z — Yy is continuous for any f € F.

Proof. If g is continuous, f o g is continuous for any f € ¥ as a composition of con-
tinuous maps (by Example A.4(iv)). Conversely, suppose that f o g is continous for all
f € F. It is enough to prove that g~1(V) is open in Z for any V € B¢. Fix then such a
V € By, that we write as V = f~}(U) for some f € ¥ and some open set U in Y;. Then

g(V) =g (f1(U) = (fog) (V)

and since U is open in Yy and f o g is continuous by assumption, it follows that g (V)
is open in Z, concluding the proof. O

Another advantage of initial topologies is the description of convergence of se-
quences.

Proposition A.gg9. Let X be a set endowed with an initial topology o (X, ¥).
Let (x,),en be a sequence in X and x € X. Then x,, —» x as n — oo if and only if
f(x,) = f(x) asn — oo, for any f € F.

Proof. Suppose first that x, — x. Each f € ¥ is continuous, in particular sequentially
continuous by Lemma A.26, whence f(x,) — f(x). Conversely, suppose f(x,) — f(x).
Fix V € B# with x € V, and write it V = f~}(U) for some f € ¥ and U C Y open.
As x € V, we have that f(x) € U, and since f(x,) — f(x), there exists N € N so that
f(xp,) € Uforalln > N. Hence x, € f1(U) =V for all n > N, and by the remark
following Definition A.20, this implies that x,, — x, as announced. We are done. O

For the second method, fix an arbitrary collection (X;);c; of non-empty sets. Recall
that the product set [[;c; X; is the set of all collections of the form (x;);e; with x; € X;
for every i € I. More precisely

HXi = {x: I — UXi :x(1) € X; for any i EI}.
el el

Assume that X; is endowed with a topology 7x;, for any ¢ € I. Consider then the subset
S C Ps([ 1,7 X;) defined as

S = {z;}(U)) c l_[Xi :j €1, Uj € x,}
el

where 7;: [[;c;X; — X is the natural projection on the j—th component of the
product. By definition, elements of S are of the form

-1
JTj (Uj)=UjX 1_[ X;
iel\{j}
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with j € I and U; € 7x;. The collection S satisfies the condition of Proposition A.17,
and thus is a subbasis for a topology on [[;.; X;. The corresponding topology is called
the product topology on [];<; X;, and the corresponding basis is

B = {ntx 1_[ X; :J C [ finite, U; € 1x; foranyjeJ}.
Jjed iel\J

From this construction, we see that the product topology is the smallest topology on
[I;c7 Xi so that any projection 7 ; is continuous.

Proposition A.40. Let (X;);c; be a collection of topological spaces.

For any topological space X and any family of maps {f;: X — X : 1 € I}, there
exists auniquemap f: X — [[;c; X; sothat m;of = f; for everyi € I. Moreover,
f 1s continuous if and only if f; is continuous for every i € I.

Proof. For the first statement, it suffices to set

f:X—>1_[X,-
1el

x = (fi(x))ier-

For the second statement, if f is continuous, then f; = 7; o f is continuous for every
1 € I, as the composition of continuous maps is a continous map. Conversely, suppose
that f; is continuous for every : € I. Let V be an element of the subbasis for the product
topology on [];.; X;. By definition, V takes the form V = JT]_.l(U i) where j € I and U;
1s open in X;. Then

FUV) = £ U)) = (0 £)7A(U))

and as 7 o f is continuous and U; is open in X, we conclude that f ~1(V) is open in
X, whence f is continuous. This achieves the proof. O

Let I be a set. When X; = X for any i € I, the product [[;c; X; is denoted X’ and
is merely the set of functions from I to X. We can easily describe the convergence in
such a space for the product topology.

Proposition A.41. Let I be a set and let X be a topological space. A sequence
(f)nen converges to f in X if and only if (£, (i));er converges to £ (i) in X for any
1 el

Proof. We saw earlier that convergence of sequences in a space can be formulated
using only elements of the subbasis of the topology on the space. An element of the
subbasis of the product topology on X' has the form ﬂi_l(U ) for some i € I and some
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open subset U C X, and as usual 7; is the natural projection on the i—th copy of X in
the product. Then (f,),en converges to f if and only if for every i € I and open subset
U c X sothat f € H;I(U), there is N € N so that f,, € ni_l(U), i.e. if and only if for
every i € I and open subset U C X so that (i) € U, there is N € N so that f,,(i) € U.
This last condition precisely means that the sequence (f,(7)),en converges to f(i) in
X, for every i € I. This proves the proposition. |

Because of this description of the convergence in X', one often refers to the product
topology on X! as the topology of pointwise convergence.

An important feature of the product topology is that it preserves the Hausdorff
property.

Proposition A.42. Let I be a set and (Xj;);c; a collection of topological spaces.
Then [];c; X; is Hausdorff if and only if X; is Hausdorff, for all i € 1.

Proof. If the product is Hausdorff and j € I, write X; = 7;(][;c; X;) and use that the
Hausdorff property is preserved by continuous maps to see that X; is Hausdorff.

Conversely, assume that each X; is Hausdorff. Let (x;);er, (vi)ier € [1;e; Xi be two
distinct elements. Then, there is j € I so that x; # y;, € X, and as the latter is
Hausdorff, we find U;,V; C X; two disjoint open sets with x; € Uj,y; € V;. Now the

sets
U]‘X 1_[ X, VjX 1_[ X;
iel\{j} iel\{j}
are open in [[;c; X; by definition of the product topology, disjoint since U; N V; = 0,
and the first one contains (x;);cs, the second one contains (;);c;. This proves that the
product is Hausdorff and finishes the proof. O

Another particularly important property of the product topology is that it preserves
compactness:

Tychonoff’s theorem. Let (X;);c; be a collection of topological spaces.
Then [[;c; X; is compact if and only if X; is compact for every i € I.

Clearly, if the product is compact, each X; must be compact, applying Theorem A.34
with f = m;. The heart of the theorem really lies in the converse statement. We will
not present a proof here, as it goes far beyond the aim of this appendix, and we refer
to [3, theorem A.2.1].
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B. Amenability of groups

The aim of this appendix is to provide the reader with basic definitions and results
about amenability for groups. Those will be used in our study of unitarisability in
Chapter 3.

We start by recalling several equivalent ways of defining amenability for a group,
without proofs. Then we establish various stability properties for the class of amenable
groups, that we illustrate through numerous examples. Along the way we also derive
the non-amenability of non-abelian free groups.

The basic concept required to formulate amenability is that of means.

Definition B.1. Let X be a set.
A mean on X isamap u: Ps(X) — [0,1] so that u(X) =1 and
p#(AUB) = pu(A) + p(B)

for all disjoint subsets A, B C X.

With words, a mean on a set X is a finitely additive probability measure.

Example B.2. Suppose X # () and fix x € X. The Dirac mass at x is defined as

1 ifxeA

x(A) = .
0x(4) {O ifx¢g A

for all A € Ps(X). Directly, 6, € M(X).

We denote M (X) the set of means on X. It is a convex subset of the R—vector space
RPX) asif u,n € M(X)and ¢ € [0,1], then ((1-t)u+tn)(X) = (1-t)u(X) +tn(X) =
1-t+¢t=1and

(1-t)u+tn)(AUuB)=(1-t)u(AUB) +tn(ALU B)
= (1 -)u(A) +tn(A) + (1 - t)u(B) + tn(B)
= (1 -)p+tn)(A)+((1-)p+1tn)(B)
for all disjoint subsets A, B ¢ X. Thus (1—-¢)u+tn € M(X). From there, an induction
proves that any convex combination of means on X is a mean on X.

As for probability measures, there are several properties inherited from the defi-
nition. If y is as in Definition B.1, it satisfies

1) u(0)=o0.
(1) p(AUB) =u(A)+u(B)—u(AnB),forall A,B c X.
(iii) ,u( | | Ai) = > u(Aj) forall Ay,..., A, C X.
=1 =1
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(iv) u(A) < u(B) for all A, B ¢ X such that A c B.

Observe that the inclusion M(X) c [0,1]X) naturally endows M(X) with a
topology, induced by the product topology on [0, 1]”+(X). This is the topology of point-
wise convergence, by Proposition A.41, i.e. a sequence (U, )nen € M(X) converges to
u € M(X) if and only if

pn(A) — p(A)
asn — oo, forall A C X.
The following fact will be essential for our purposes.

Lemma B.g. Let X be a set. Then M(X) is compact.

Proof. A subbasis for the topology of M(X) is given by

{Ox 1—[ R : OcR open, ACX}.
Ps(X)\{A}

The complement of a set of this form is (R \ O) X 1_[ R. Hence we can construct
Ps(X)\{A}

closed subsets of R”*(X) by fixing finitely many A1, ..., A, € Ps(X), choosing any

closed subset C ¢ R{At-4r} ~ R” and considering

C X l_[ R.
Ps(X)\{A1,...,An}

Now we turn to the proof of the lemma. Indeed, note to begin that in fact
M(X) c [0,1]"@
and the latter is compact by Tychonoff’s theorem. By Proposition A.31 it is thus enough
to prove that M (X)) is closed in [0, 1]"+X). Expanding the definition, we have
M(X) ={p € [0,1]7): u(X) = 1, w(AUB) = pu(A) + u(B) VA, B € Py(X)}
={uel0, )™ ux) =1}

n A {,U € [0,1]7% : u(AuB) =u(A)+/J(B)}-
A,BeP,(X), ANB=0

All sets in this writing of M(X) are closed by the observation above: the first one
corresponds to the choice A; = X, C = {1}. The second one, for A and B fixed with
ANB =0, corresponds to A; = A, Ap = B, A3 = AUBand C = {(x,y,2) € R®

x +y = z}. Therefore M(X) is closed in [0, 1]"*¥) as an intersection of closed sets.
This concludes our proof. |

The first formal definition of amenability was proposed by Von Neumann in 1929,
after its study of the Banach-Tarski paradox.
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Definition B.4. A group G is amenable if there exists a mean on G so that
Uu(gA) =u(A) forallA c Gand g € G.

Here the notation gA stands for the translate of A under the action of G on itself
by left multiplication: gA := {ga : a € A}.

When p(gA) = u(A) for all g € G and A C G, we say that u is G—invariant. With
this terminology, a group G is amenable if and only if it carries a G—invariant mean.

Example B.5. Any finite group G is amenable, since the normalized counting mea-

sure, defined as y(A) := % for any A C G, is a G—1invariant mean.

Going beyond finite groups, it is in general not possible to provide an exact formula
for an invariant mean on a group. We must then proceed differently, and a fruitful idea
is to take advantage of the compactness of M(G) and consider accumulation points of
well-chosen sequences. To that end, the next remark is crucial.

Remark B.6. Aset map f: X — Y induces a well-defined map f,.: M(X) — M(Y),
setting

(£.(1))(B) = u(f(B)), p € M(X), BCY.

If O x l_[ R is an element of the subbasis for the product topology on M(Y), with

Ps(Y)\{A}
O C Ropen and A C Y, we have

f;l(()x 1_[ R)sz l_[ R

Ps(Y)\{A} Ps(X\{f1(A)}

which is open for the product topology on M(X). Hence f. is continuous.

We are now ready to give our first example of an infinite amenable group.

Theorem B.7. The group Z is amenable.

n
Proof. Forn > 1, consider y, := ~ Z 0 ;. Any convex combination of means is a mean,
j=1
s0 i, € M(Z) for every n > 1. By Lemma B.3, M(Z) is compact, so (4,),>1 has an
accumulation point u € M(Z) (by the proof of Theorem A.37). We now prove u is a left
invariant mean for the action Z ~ Z, i.e. we show that gu = u for all g € Z. Writing
Z = {(u) multiplicatively, it is enough to prove that vy = u. First, note that if A ¢ Z
and j € Z, then

§j+1 (A)

1 ifj “1A 1 ifj+1€A
u5J(A)=5J(u1A)={ rjeu _{ mwj+1e

0 ifjgulA |0 ifj+1¢A
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n+l
so that ud; = 6,1. It follows that uy, = Z 0;, and thus upy, — y, = (§n+1 -01)
Jj=2
for all n > 1. This implies that
Uply, — n — 0 (11)

as n — oo, in R If, towards a contradiction, up # [, we can separate these two
points by disjoint neighbourhoods U and V, because R*:(9) is Hausdorff by Proposition
A.42. Since u is an accumulation point of (1, ),>1 and uy is an accumulation point of
(uptn)n>1, we can find infinitely many terms of the sequence (u,,),>1 in U and infinitely
many terms of (uu,),>1 in V. Since they are disjoint, this contradicts (11). Thus
up = [, and this finishes the proof. O

Above, the fact that vy is an accumulation point of (upy,),>1 follows from the con-
tinuity of

Yu: M(Z) — M(2Z)
> up

and the continuity of ¢, follows from Remark B.6.
From this example, we will derive below numerous examples of amenable groups.

Before this, let us in contrast provide also the simpliest example of a non-amenable
group: the non-abelian free group on two generators.

Recall that if S is a set, there exists a group called the free group on S and denoted
Fg, satisfying the following universal property: for any group G and any map f:S—
G, there is a unique group homomorphism f: Fs — G so that f o1 = f, where
t: S < Fg is the natural inclusion of S in Fg ([4, theorem 1.5], [28, theorem 11.1]).

For any set S, Fs depends only on |S| [28, theorem 11.4], up to isomorphism, and
|S| is therefore called the rank of Fg. We write Fy if |S| = d, and F, if |S| = |N|. The
group Fy is trivial, and F; is infinite cyclic. For n > 2, F;, is not abelian. Free groups
play a central role in group theory, and more details on their properties can be found
in [4, chapter 1], [28, chapter 11]. One particularly important result about them is the
so called Nielsen-Schreier theorem ([4, theorem 1.15], [28, theorem 11.44]), stating that
any subgroup of a free group is itself a free group.

For us, non-abelian free groups provide the other part of the spectrum, opposite to
finite groups and Z, as they are not amenable.

Theorem B.8. The group Fs is not amenable.

Proof. Suppose for a contradiction that there exists an invariant mean p on Fy. Write
Fo={e}UA,UA_UB,UB_, where A, (resp. A_) consists of reduced words starting
with an a (resp. @ 1) and B, (resp. B_) consists of reduced words starting with a b
(resp. b~1). Since the second letter of an element of A, can be an a, a b or a b1,
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multiplying this element by a~! produces an element either of A,, B, or B_. Then
a_1A+ = {e} L A+ L] B+ [ B_.
Properties of i then imply

u(A) = u(a 'A,) = p({e} UA, UB, UB.) = u({e}) + i(A,) + u(B) + u(B_)

and erasing p(A,) of both sides leaves us with u({e}) + u(B;) + u(B-) = 0. Since
U takes positive values, this forces y({e}) = u(B;) = u(B-) = 0. Likewise, we get
U(A;) = u(A-) = 0. We conclude that

1=pu(Fz) = pu({efUALLUA_UB,UB.)

= u({e}) + u(A) + u(AD) + u(B,) + u(BL)
=0

which is absurd. Therefore such a ¢ cannot exist. O

As a matter of fact, the proof makes apparent an observation already done by
Von Neumann: the existence of an invariant mean on a group is an obvious obstruc-
tion for this group to have a paradoxical decomposition. More precisely, if a group
G is amenable, then there cannot exist A¢,...,A,,B1,...,B,; C G non-empty and
g1,---,8nh1,...,hm € G so that

G=AU---UA,UB{U---UB, =g1A1U---Ug,A, =hiB1U---UhyB,.

What is much less obvious is that it is the only obstruction, namely if a group does
not carry an invariant mean, it must have a paradoxical decomposition. This result
is an outstanding theorem from Alfred Tarski, the proof of which can be found for
instance in [4, section 14.3].

A group G acts on itself by left multiplication, and this action induces an action of

G on M(G), by defining

(g-1)(A) = p(gA)
for every u € M(G), g € G and A c G. Denoting M(G)? the set of fixed points for
this action, we see that a G—invariant mean is merely an element of M(G)%, i.e. G is
amenable if and only if M(G)% # 0.

Moreover, as proved earlier, M(G) is compact, and we therefore see that a sufficient
condition for G to be amenable is to fix a point in every non-empty convex compact
G—space in a locally convex topological vector space. It turns out that the converse
holds as well, i.e. an amenable group fixes a point in every convex compact G—space
[2, theorem G.1.7].

Lastly, here is a third characterization of amenability. For a group G, let

M(G) :={m € (@) :m >0, m(1g) =1, ||m| < 1}
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where m > 0 significates m(f) > 0 for every f > 0. Then G acts naturally on M’'(G),
by
(g-m)(f) =m(g'f), me M'(G), g €@, f ct>Q).

Observe that an element m € M’(G) gives rise to a mean u,, € M(G) defined as

fm(A) :=m(14)

for all A ¢ G. One has indeed u,,(G) = m(1g) = 1 and yu,, is additive on disjoint
subsets of G as

Um(AUB) =m(1a.8) =m(1a+1p) =m(14) + m(1p) = n(A) + i (B).

for A,B C G disjoint. This correspondence can in fact be inverted, i.e. there is a
bijection between M(G) and M’(G). Coupled with the equality

tim(8A) = m(1ga) = m(gla) = (&7' - m)(1a)

it follows that G has a G—invariant mean if and only if there exists m € M’(G) so that
m(gf) = m(f) for every g € G and every [ € £*(QG).

We shall summarize all these results in a theorem.

Theorem B.g. A group G is amenable if and only if one of the following equiv-
alent conditions hold:

(1) G has a G—invariant mean.
(i1) G has no paradoxical decomposition.
(i11) G fixes a point in any non-empty convex compact G—space.

(iv) There exists m € M’(G) so that m(gf) = m(f) for every g € G and [ €
°(G).

Another characterization is due to Erling Fglner, who formulated amenability in
terms of almost invariant sets. More precisely, he showed in [17] that a group G is
amenable if and only if for any £ > 0 and any finite subset S C G, there exists a finite
subset F' C G so that

|sFAF| < ¢|F|

for all s € S. Slight variations of this definition lead to introduce Fglner sequences and
Fgplner nets [4, section 14.4].

Later on, Hans Reiter also introduced its own version of amenability [27], in terms
of (S, €)—invariant vectors for the induced actions of a group G on the ¢P—spaces
¢P(G), p € [1,00), and defined the corresponding Reiter properties (R,). We inves-
tigated these properties in [13], proving that (R;) is equivalent to (R32), and the same
argument shows that (R,) is equivalent to (R,) for any p, g € [1, o). It is also showed
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in [13, proposition 2.6] that (R2) is equivalent to a property related to the uniform
convexity of #2(G) ([13, lemma 1.17], [4, proposition 14.33]).

Perhaps more surprisingly, amenability also relates to probabilistic phenomena
on groups, with in particular the celebrated Kesten’s theorem, established by Harry
Kesten in [22] in 1959, that we also derived in [13, theorem 2.26].

For much more details on these groundbreaking results, their proofs, and the theme
of amenability, we refer to [4, chapter 14], [2, appendix G] or [24].

In the rest of this appendix, we will see how to use the fixed-point characterization
to establish the basic stability properties of the class of amenable groups. This way
we get plenty of amenable groups, and the non-amenability of Fy will also bring other
examples of non-amenable groups.

Let us begin by recording the following.

Proposition B.10. Let G be an amenable group.
(1) If H < G, then H is amenable.
(i) If N <« G, then G/N is amenable.

Proof. (i) See [4, theorem 14.9].

(i1) Let K be a convex compact G/N—space. This is naturally a G—space by letting
g-x:=(gN) -xforall g € Gandx € K. As this G—space is convex compact, and G is
amenable, we get a G—fixed point y € K, which is by definition a G/N —fixed point for
the initial action of G/N on K. Thus G/N is amenable, and (ii) is proved. O

Coupled with Theorem B.8, we deduce the following.

Corollary B.11. Any group containing a subgroup isomorphic to Fy is not
amenable. In particular, F; is not amenable for all d > 2.

We also obtained in a different way the non-amenability of Fy, d > 2, in [13, corol-
lary 2.32], via Kesten’s theorem.

However, for our purposes, Proposition B.10 does not help us to extend the class
of amenable groups because any subgroup or quotient of a finite group or Z is itself
finite or isomorphic to Z. To get bigger groups from old ones, one considers extensions
of groups.

Definition B.12. Let G, @ be two groups, and N < G.
We say that G is an extension of N by @ if G/N = Q.
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This is the same as saying that there is a short exact sequence of groups
1—N—>G—Q — 1.

Example B.13. Consider the matrix group

G::{(g Zi) : aeIR*,bE[R}

also denoted Aff(R), and called the affine group on R. Consider the two subgroups
106 a 0 N
N':{(O 1).beR}=R,Q.:{(O 1).aelR}=lR

and the group homomorphism ¢: G — R* sending (g 11)) to a. Then N = Ker(¢)

is a normal subgroup of G, and as ¢ is surjective, it induces a group isomorphism
G/N = R*. Thus G is an extension of N by Q.

Using the fixed point property, we can establish the following.

Theorem B.14. If G is an extension of N by @, and N, @ are amenable, then G
1s amenable.

Proof. Let K := M(G). By our previous considerations, K is a convex compact G—space.
In particular, it is a convex compact N—space and N being amenable, it follows that
KN # 0. Writing
KN = ({peK :nu=p}
neN

and observing that {u € K : nu = u} is closed in K for all n € N, we get that KV is

closed in K. In particular K is compact since K is compact. Now the initial action of
G on K restricts to KV. Indeed if g € G, 1 € KV and n € N, one computes that

n-(gp) =g(g 'ng-p) =gu

since g7lng € N, as N is normal in G, and p € KV. Since N acts trivially on K%, this
last action is in fact an action of @, and its amenability implies that (K™)® # 0. This
is equivalent to say that K¢ # 0, whence G is amenable. O

In particular, direct and semi-direct products of amenable groups are amenable.
Henceforth, by Theorem B.7 and an inductionon d > 1, 7% is amenable for any d > 1.

For the next statements, recall that a group G is finitely generated if there exists a
finite subset S C G so that any element of G can be written as a product of elements
of S or their inverses. In this case, we write G = (S).
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Corollary B.15. Any finitely generated abelian group is amenable.

Proof. Let thus G be a finitely generated abelian group. Then there exists a finite
group F and an integer d > 1 so that G = Z% x F (see e.g. [4, corollary 1. 30]). Now z°
is amenable, and F' is amenable by Example B.5. Thus G is amenable as well. O

Theorem B.14 can also be used to prove the non-amenability of certain groups. For
instance SLy(Z) is an extension of its center {+I5} by the quotient SLyo(Z)/{+ls} =
PSLy(Z). As SLg(Z) is not amenable, it follows that PSLg(Z) is not amenable either.

The next operation on groups we consider is the directed union.

Definition B.16. Let G be a group, and ¥ a collection of subgroups of G. We
say F is directed if for any H, H' € ¥, there is H” € ¥ such that H, H' < H”.
Moreover, G is the directed union of F if ¥ is directed and

G=|JH

HefF
As one might guess, amenability is also preserved when taking directed unions.

Theorem B.17. If G is the directed union of ¥ and if any H € ¥ is amenable,
then G is amenable.

Proof. Let K := M(G). We want to prove that K¢ # 0. As G is the directed union of
¥, it is enough to show
() &" #o0.

He¥F

As in the proof of Theorem B.14, K is closed for any H € ¥ and K is compact, so by
Proposition A.33 it is in fact enough to show that

ﬁKHi;t@

i=1
for every Hy,...,H, € ¥. Fixthen Hy,...,H, € F. As ¥ is directed, we find H € ¥
so that H,...,H, < H, which implies

ﬁ K% 5 KH.
=1

Since H is amenable, and K is convex compact, we deduce from Theorem B.g(iii) that
K" # 0, finishing the proof. O
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Corollary B.18. A group G is amenable if and only if all its finitely generated
subgroups are amenable.

Proof. If G 1s amenable, all its subgroups are amenable by Proposition B.10. Con-
versely, suppose any finitely generated subgroup of G is amenable, and consider

¥ :={H < G : H is finitely generated}.

The collection 7 is directed, as if H = (S), H' = (S’) are both finitely generated,
the subgroup H” = (S U S’) is in ¥ and contains both H and H’ as subgroups. By
assumption, any H € ¥ is amenable, and G is the directed union of 7, whence G is
amenable by Theorem B.17. O

This result allows us to strenghthen Corollary B.15.

Corollary B.19. Any abelian group is amenable.

Proof. Suppose that GG is an abelian group, and let H < G be a finitely generated sub-
group of G. Then H itself is a finitely generated abelian group, and thus is amenable
by Corollary B.15. Henceforth, G has all its finitely generated subgroups amenable,
and Corollary B.18 now implies that G is amenable. O

This way, we get for instance the amenability of (Q,+), even if the latter is not
finitely generated. Likewise, we obtain the amenability of (R”, +), for any n > 1.

Corollary B.2o. Any solvable group is amenable.

Proof. A solvable group is obtained from the trivial group by doing finitely many ex-
tensions by abelian groups. As these are amenable, and as amenability is preserved
by extensions, the claim follows. |
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